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Abstract

A new classof phenomenadiscussedin this review is basedon interaction between
spatially separated,but closely located ferromagnetsand superconductors. They are
called Ferromagnet-Superconductor Hybrids (FSH). These systems include coupled
smooth and textured Ferromagnetic and Superconducting Ims, magnetic dots, wires
etc. The interaction may be provided by the magnetic ux from magnetic textures and
supercurrents. The magnetic ux from magnetictextures or topological defectscan pin
vortices or createthem, changing drastically the properties of the superconductor. On
the other hand, the magnetic eld from supercurrents (vortices) strongly interacts with
the magnetic subsystem leading to formation of coupled magnetic-superconducting
topological defects. We discusspossibleexperimental realization of the FSH. The pres-
ence of ferromagnetic layer can change dramatically the properties of the supercon-
ducting Im due to proximity e ect. We discussexperimental and theoretical studies
of the proximity e ect in the FSH including transition temperature, order parameter
oscillations and triplet superconductivity.
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1 Intro duction

In this review we discussa new averue in solid state physics: studiesof physical phenomena
which appear when two mutually exclusiwe states of matter, superconductivity and ferro-
magnetism,are conbined in an uni ed Ferromagnet-SugrconductorHybrid (FSH) system.
In the hybrid systemsfabricated from materials with di erent and even mutually exclusiwe
properties, a strong mutual interaction between subsystemscan dramatically changeprop-
erties of the constituent materials. This approad o ers vast opportunities for scienceand
technology The interplay of superconductivity and ferromagnetismhas been thoroughly
studied experimertally and theoretically [1, 2] for homogeneousystems. In sud systems,
both order parametersare homogeneousn spaceand suppresseat other. As a result, one
or both the orderingsare weak. A natural way to avoid the mutual suppressiorof the order
parameterof the superconducting(S) and ferromagnetic(F) subsystemsds to separatethem
by a thin but impenetrableinsulator Im. In sud systemsthe S and F subsystemsnteract
via magnetic eld induced by the nonuniform magnetization of the F textures penetrating
into the superconductor. If this eld is strong enough,it can generatevortices in the su-
perconductor. The textures can be either arti cial (dots, wires) or topological like Domain
Walls (DW). The inversee ect is also important: the S currents generatemagnetic eld
interacting with the magnetizationin F subsystem.

First experimertal works on FSH were focusedon pinning properties of magnetic dot
arrays coveredby a thin superconducting Im [3, 4,5, 6, 7]. The e ect of commensurabiliy
on the transport propertieswasreported in [3, 4, 5, 6]. This e ect is not speci ¢c for magnets
interacting with superconductorsand was rst obsened in textured superconducting Ims.
First experimerts with sud1 Ims were performedin seerties. In theseexperimerts the pe-
riodicity of the vortex lattice xed by external magnetic eld competedwith the periodicity
of an arti cial array created by experimerters. Martinoli et al. [8, 9, 10] usedgroovesand
Hebard et al. [11, 12] usedarrays of holes. This approad was further deweloped by exper-
imentalists in nineties [13]-[19. Theoretical analysiswas also performedin the last certury
[20, 21, 22]. First obsenation of the dependenceof vortex pinning by magnetic dots array
on the magnetic eld direction was presetied by Morgan and Ketterson [7]. This was rst
direct indication of new physicsin FSH. Newinsight into the FSH physicshasbeenprovided
by Magnetic Force Microscope (MFM) and ScanningHall Probe Microscope (SHPM). By
using sud imaging technique the group at the University of Leuven has elucidated se\eral
pinning medanismsin FSH [23]-[23.

Di erent mesoscopianagneto-sugrconducting systemswere proposedand studied the-
oretically: arrays of magnetic dots on the top of a SC Im [26, 27, 28, 29], Ferromagnet-
Superconductor Bilayer (FSB) [28, 30, 31, 32, 33, 34], enbedded magnetic hanowires com-
bined with bulk superconductor[35, 36| or superconductor Im [37, 38], a layer of magnetic
dipolesbetweentwo bulk superconductors[39], an array of magnetic dipolesmimicking the
FM dots on SC Im [40], \giant" magnetic dot which generatesse\eral vortices in bulk su-
perconductor [41], single magnetic dots on a thin superconducting Im [42, 43, 44, 45, 46],
thick magnetic Im combined with thick [47, 48,49, 50]or thin superconducting Im [51, 52].

The characteristic scalescaleof the magnetic eld and current variation in all mertioned
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systemssigni cantly exceedghe coherencdength . It meansthat they can be considered
in London appraximation with good precision. In the next sectionwe derive basicequations
describingFSH. Starting from London-Maxwell equations,we derive a variational principle
(energy)corntaining only the valuesinside either Sor F componerts. Theseequationsallowed
us to study single magnetic dots coupled with superconducting Im (Sec. 3.1) as well as
arrays of sud dots (Section 3.2). The simplest possible FSH system - sandwid formed
by Ferromagneticand Superconductinglayers, divided by ultrathin insulating Im ( FSB),-
can demonstrate unusual behavior: spontaneous formation of coupled system of vortices
and magnetic domains. Thesephenomenaare discussedn Section3.3. We alsodiscussthe
in uence of the thick magnetic Im on the bulk superconductor.

An alternative approad to heterogeneouSC/FM systemsis just to employ the proximity
e ects instead of avoiding them. The exdiange eld existing in the ferromagnetsplits the
Fermi spheresfor up and down spins. Thus, the Cooper pair acquiresa non-zero total
momertum and its wave function oscillatesin space. This e ect rst predicted by Larkin
and Ovchinnikov [53] and by Ferrel and Fulde [54] will be cited further as LOFF e ect.
One of its manifestation is the change of sign of the Cooper pair tunneling amplitude in
space. At someconditions the Josephsoncurrert through a superconductor-ferromagnet-
superconductor (S/F/S) junction hassignoppositeto sin' , where' is the phasedi erence
betweenright and left superconducting layers. This type of junctions was rst proposed
theoretically longtime agoby Bulaevskyet al. [55],[56] and wascalled -junction in cortrast
to standard or O-junction. It was rst reliably realizedin the experimernt by Ryazanw and
convorkersin 2001[57, 58] and a little later by Kontos et al. [59. The experimertal ndings
of these groups have generatedan extended literature. A large exhausting review on this
topic was publishedin the beginning of 2002[60]. A more special survey was published at
the sametime by Garifullin [61]. We are not goingto repeat what was already donein this
reviewsand will focuspresumablyon works which appearedafter its publication. Only basic
notions and ideasnecessaryfor understandingwill be extracted from previousworks.

Most of the proximity phenomenapredicted theoretically and found experimertally are
basedon the oscillatory behavior of the Cooper pair wave function. These are the oscil-
lations of the transition temperature (rst predicted in [62, 63]), and the critical current
vs. the thicknessof ferromagneticlayer which are seenas oscillatory transitions from 0- to

-junctions [56]. Other proximity e ects besidesthe usual suppressiorof the order parame-
ters include the preferertial antiparallel orientation of the F-layersin a F/S/F trilayer, the
so-calledspin-valve e ect [64, 65, 66].

More recenly a newideawasproposedby Kadigrobov et al. [67] and by Bergeret, Efetov
and Volkov [6: they have predicted that the magnetization varying its direction in space
transforms singlet Cooper pairs into triplet ones. The triplet pairing is not suppressecdy
the exdhange eld and can propagatein the ferromagneton large distancesthus providing
the long-rangeproximity betweensuperconductorsin S/F/S junctions.

The proximity e ects may have technologicalapplicationsaselemens of high-speedmag-
netic electronicsbasedon the spin valve action [66] and also as elemelts of quantum com-
puters [69). Purely magnetic interaction between ferromagneticand superconducting sub-



systemscan also be usedto designmagnetic eld cortrolled superconducting devices. A
magnetic eld cortrolled Josephsonnterferometerin a thin magneticF/S bilayer hasbeen
demonstratedby Eom and Johnson[70].

In the next Sectionwe derive basic equations. Third Sectionis focusedon phenomena
in FSH which are basedon only magneticinteraction betweenferromagneticand supercon-
ducting subsystem.Recet results on proximity basedphenomenain bi- and tri-layer FSH
are presened in the last Section.

2 Basic Equations

In the proposedand experimertally realizedFSH a magnetictexture interacts with the super-

current. First we assumethat ferromagneticand superconducting subsystemsare separated
by thin insulating layer which prevents proximity e ect, focusing on magnetic interaction

only. Inhomogeneousnagnetizationgeneratesnagnetic eld outsidethe ferromagnets.This

magnetic eld generatesscreeningcurrerts in superconductorswhich, in turn, changethe

magnetic eld. The problem must be solved self-consistetty. The calculation of the vor-

tex and magnetizationarrangemetn for interacting, spatially separatedsuperconductorsand

ferromagnetsis basedon the static London-Maxwell equationsand correspnding energy

This description includes possiblesuperconducting vortices. Londons approximation works
satisfactory sincethe sizesof all structuresin the problem exceedsigni cantly the coherence
length . Weremind that in the Londonsappraximation the modulus of the order parameter
is constart and the phasevariesin space. Starting from the London-Maxwell equation in

all the space,we eliminate the magnetic eld outside their sourcesand obtain equations
for the currents, magnetization and elds inside them. This is donein the subsection2.1.

In the subsection2.2 we apply this method to the caseof very thin coupledferromagnetic
and superconducting Ims. When proximity e ects dominate, the Londons approximation

is invalid. The basicequationsfor this casewill be descrited in subsection2.3.

2.1 Three-Dimensional Systems.

The total energyof a stationary F-S systemreads:

L z [B_2+ MgV 2
8 2
whereB is the magneticinduction, M is the magnetization, ng is the density of S-electrons,
ms is their e ective massand vy is their velocity. We assumethat the SC density ng and
the magnetization M are separatedin space. We assumealso that the magnetic eld B

and its vector-potertial A asymptotically turn to zeroat in nit y. Employing static Maxwell

B M]dV 1)

equationr = ‘%j ,andB =r A, the magnetic eld energycan be transformed as
follows:
Z o2 zZ .
B ] A
—dv = —dVv 2
8 2c )
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Though the vector-potertial ernters explicitly in the last equation, it is gaugeinvariant due
to the current conseration divj = 0. When integrating by part, we neglectedthe surface
term. This is correctif the eld, vector-potertial and the current decreasesu cien tly fast at
in nit y. This condition is satis ed for simpleexamplesconsideredn this article. The current
j canberepreseted asa sum: j = js + j,n of the SC and magnetic currerts, respectively:

nshe 2
o= o 1 A 3)
S
jm=co M: (4)

We considercortributions from magneticand S-currerts into the integral (2) separately We

start with the integral: 7 7

1°. 1
— AdV = — M) AdV
Integrating by part and neglectingthe surfaceterm again, we arrive at a following result:
15 A= Bav ©
2c IRV =5

We have omitted the integral over a remote surfaceH(n M) AdS. Sud an omissionis
valid if the magnetizationis con ned to a limited volume. But for in nite  magneticsystems
it may be wrong even in simplest problems. We will discusssud a situation in the next
section.

Next we considerthe cortribution of the superconductingcurrert j to the integral (2). In
the gauge-irvariant equation3 ' is the phaseof the S-carriers(Cooper pairs) wave-function
and = hc=2eisthe ux quantum. Note that the phasegradiert r ' canbeincludedinto
A asa gaugetransformation with exceptionof vortex lines, where' is singular. We employ
equation (3) to expressthe vector-potential A in terms of the supercurrert and the phase
gradiert:

_ _0 ' msc
Plugging equation (7) into equation (2), we nd:
yA yA z
1~ _h . Mms 2

Sincejs = engVs, the last term in this equationis equalto the kinetic energytaken with the
signminus. It exactly compensategshe kinetic energyin the initial expressiorfor the energy
(1). Collecting all remaining terms, we obtain a following expressionfor the total energy:

Z
H = [ns_hz(r-)Z

8mg

nshe | B M
Wscr A > Jdav 9

We remind again about a possiblesurfaceterm for in nite magnetic systems. Note that
integration in the expressionfor energy (9) proceedsover the volumesoccupied either by
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superconductorsor by magnets. Equation (9) allows to separatethe energyof vortices from
the energyof magnetizationinducedcurrernts and elds and their interaction energy Indeed,
as we noted earlier, the phasegradiert can be ascribed to the contribution of vortex lines
only. It is represetable asa sum of independen integrals over di erent vortex lines. The
vector-potential and the magnetic eld canberepresetted asa sumof magnetizationinduced
andvortex inducedparts: A = A,+A,,B = B, + By, whereAy, By (the index Kk is either
m or v) are determinedas solutions of the Londons-Maxwell equations:

S OERSK (10

The e ect of the screeningof magnetic eld generatedby magnetization by superconduc-
tor is included into the vector elds A, and B,,. Applying sud a separation,we presen
the total energy(9) asa sum of terms cortaining only vortex cortributions, only magnetic
cortributions and the interaction terms. The purely magnetic part can be represeted as
a nonlocal quadratic form of the magnetization. The purely superconductingpart is repre-
sertable as a non-local double integral over the vortex lines. Finally, the interaction term
is represetable as a double integral which proceedsover the vortex lines and the volume
occupied by the magnetization and is bi-linear in magnetization and vorticity. To avoid
cumbersomeformulas, we will not write theseexpressionexplicitly.

2.2 Two-Dimensional Systems.

Below we perform a more explicit analysisfor the caseof two parallel Ims, oneF, another
S, both very thin and very closeto eat other. Neglectingtheir thickness,we assumethat
both Ims are located approximately at z = 0. In somecaseswe needa more accurate
treatment. Then we introducea small distanced between Ims which in the endwill be put
zero. Though the thicknessof ead Im is assumedio be small, the 2-dimensionaldensities
of S-carriersn® = ngds and magnetizatonm = Md,, remain nite. Here we introduced
the thicknessof the S Im ds and the F Im d,,. The 3d super-carrier density ng(R) can
be represeted asng(R) = (z)n@(r) and the 3d magnetizationM (R) can be represeted
asM(R) = (z d)ym(r), wherer is the two-dimensionalradius-vector and z-direction is
perpendicular to the Ims. In what follows n®) is assumedto be a constart and the index
(2) is omitted. The energy(9) can be rewritten for this special case:

nshe ., bTm]dzr (11)

Z 2
- nsh 1 \2
H = [8ms (r*) 4mgC

wherea= A(r;z= 0)andb = B(r;z = 0). The vector-potential satis es Maxwell-Londons
equation:

c o0 A) = ZA ()42 h”CSer' (2) (12)

v 4r (m@)




Here = 2=d isthe e ective screeningength forthe S Im, | isthe London penetration
depth and ds is the S-Im thickness[71

According to our generalargumerts, the term proportional to r ' in equation (13) de-
scribes vortices. A plane vortex characterizedby its vorticity q and by the position of its
certer on the planerg cortributes a singulartermtor ' :

C oy 2 (r o)

r O(rirO) - q jl’ rojz (13)
and generatesa standard vortex vector-potential:
.y _ 902 (r o)
AVO(r rOaZ) - 2 jl’ roj
21 3K e kizi
1(kjr — roj)e

. 1+ 2k dk (14)

Di erent vortices cortribute independerly into the vector-poterntial and magnetic eld. A
peculiarity of this problem is that the usually applied gaugedivA = 0 becomessingular
in the limit ds;d,, ! 0. Therefore, it is reasonableto apply another gaugeA, = 0. The
calculations are much simpler in Fourier-represetation. Following the generalprocedure,
we present the Fourier-transform of the vector-potertial Ay asa sumA, = Ak + Aw.
Equation for the magnetic part of the vector-potertial reads:

KA ) KAmc= M9 4 ik mgek:d (15)

where q is projection of the wave vector k onto the plane of the Ims: k = k,2+ g. An
arbitrary vector eld V  in the wave-vector spacecan be represeted by its local coordinates:

Vie= VE2+ VEa+ V(2 9 (16)

In terms of thesecoordinates the solution of equation (15) reads:

Amc = ekl (17)
Z

1, 40 km§ amg .
Waq + 2 e (18)
Integration of the latter equation over k, allows to nd the perpendicular componert of
aq(m):

?
Amk_

» _ 4 g(m§+img,) o
= e ;
g 1+ 2q
whereasit follows from equation (15) that a'r‘nq = 0. Note that the parallel componert of
the vector-potential Aﬁ]k doesnot know anything about the S Im. It correspndsto the
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magnetic eld equalto zerooutside the plane of F Im. Therefore,it is inessetial for our
problem.

The vortex part of the vector-potential also does not cortain z-componert since the
supercurrerts ow in the plane. The vortex solution in athin Im was rst found by Pearl
[72]. An explicit expressionfor the vortex-induced potertial is:

A :2i o2 QF(q).
vk k2(1+ Zq) )

(20)

P . ) . .
where F(q) = ;€% is the vortex form-factor; the index j labels the vortices and r;
are coordinates of the vortex certers. The Fourier-transformation for the vortex-induced
vector-potertial at the surfaceof the SC Im a4 reads:

_1 o2 9F(q)

ayg = 21
" o1+ 2q) @D
The z-componert of magnetic eld induced by the Pearl vortex in real spaceis:
21 Jo(qr)e 97
B, = -0 —od)e 22
w3, T1v2q (22)
Its asymptoticat z= Oandr isBy; o=( rd;atr it is By, o=( r). Eacth
Pearl vortex carriesthe ux quartum (= hc=e
The energy(11), can be expressedn terms of Fourier-transforms:
H=H,+ Hy+ Hym; (23)

where purely vortex energyH, is the sameasit would be in the absenceof the FM Im:

nsh? , 2 d’q
v = 8;‘]5 r q(r q _oavq)w; (24)

The purely magneticenergyH, is:

1Z
It cortains the screenednagnetic eld and thereforedi ers from its value in the absenceof

the SC Im . Finally the interaction energyreads:

Z
B nshe , d’q
Hm = amgc (r ) qamq(2 )2
Z
1 d’q

Note that the information on the vortex arrangemen is cortained in the form-factor F (q)
only.



To illustrate how important canbe the surfaceterm, let considera homogeneougperpen-
dicularly magnetizedmagnetic Im and one vortex in superconducting Im. The authors
[30] have shown that the energyof this systemis”, = "% m ,, where"? is the energyof the
vortex in the absenceof magnetic Im, m is the magnetizationper unit areaand o= hc=2e
is the magnetic ux quantum. Let considerhow this result appearsfrom the microscopic
calculations. The vortex energy(24) is just equalto "%. Purely magneticterm (25) doesnot
changein the presenceof vortex and is inessetial. The rst term in the interaction energy
(26) is equalto zerosincethe in nite magnetic Im doesnot generatemagnetic eld outside.
The secondterm of this energyis equalto m =2. The secondhalf of the interaction
energycomesfrom the surfaceterm. Indeed, it is equalto

z, |
1=2) rI!ilm . m(ft 2) Ard (1=2) A dr

= m O:2

2.3 Eilenberger and Usadel Equations

The essencef proximity phenomenas the changeof the order parameter(Cooper pair wave
function). Therefore,the Londonapproximation is not valid in this caseand equationsfor the
order parameter must be solved. They are either Bogolyubov-DeGennesequations[73, 74]
for the coe cien ts u and v or more corveniertly the Gor'kov equations[75 for Greenfunc-
tions. Unfortunately the solution of theseequationsis not an easyproblem in the spatially
inhomogeneousasecombined with the scatteringby impurities and/or irregular boundaries.
This is a typical situation for the experimerts with F/S proximity e ects, sincethe layersare
thin, the di usion delivers atoms of one layer into another and the cortrol of the structure
and morphology is not so strict as for 3d single crystals. Sometimesexperimerters delib-
erately use amorphousalloys as magnetic layers [76]. Fortunately, if the scaleof variation
for the order parameteris much larger than atomic, the semiclassicabppraximation can be
applied. Equations for the superconductingorder parameterin semiclassicahpproximation

were derived long time ago by Eilenberger[77] and by Larkin and Ovchinnikov [78]. They
were further simpli ed in the caseof strong elastic scattering (di usion approximation) by
Usadel[79]. For the readercorvenienceand for the uni cation of notations we demonstrate
them herereferring the readerfor derivation to original works or to the textb ooks [80, 81].

The Eilenbergerequationsarewritten for the electronicGreenfunctionsintegratedin the
momenum spaceover the momertum componernt perpendicularto the Fermi surface. Thus,
they depend on a point of the Fermi-surfacecharacterizedby two momerium componerts,
on the coordinatesin real spaceand time. It is more corvenient in thermodynamicsto use
their Fourier-componerts over the imaginary time, the so-calledMatsubara represetation
[82]. The frequenciesin this represetation acceptdiscretereal values! , = (2n+ 1) T,
where T is the temperature. The caseof singlet pairing is descrited by two Eilenberger
anomalousGreen functions F (! ;k;r) and FY(! ;k;r) (integrated along the normal to the
Fermi-surfaceGor'kov anomalousfunctions), where! stays for ! ,, k is the wave vector at
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the Fermi sphereand r is the vector indicating at a point in real space(the coordinate of
the Cooper pair certer-of-mass). The function F generally is complexin cortrast to the
integrated normal Greenfunction G(! ;k;r), which is real. Eilenbergerhas proved that the
functions G and F are not independert: they obey the normalization condition:

[G( kPP +JF( kNP =1 (27)

Besides,the Eilenberger Greenfunctions obey the following symmetry relations:

F(L;kr)=F (k)= F (0 ki) (28)
G( ';ksr)= G (;kir)= G(I; k;r) (29)
Eilenbergerequationsread:
" | #
2l +v g iz—ceA(r) F(';ksr)=2 G('k;r)
+  d’q (@W(k;q)[G(k)F(q) F(k)G(q)] (30)

where (' r) is the space(and time)- dependen order parameter (local energygap); v is the
velocity on the Fermi surface; W (k;q) is the probability of transition per unit time from
the state with the momertum ¢ to the state with the momerium k and (q) is the angular
dependenceof the density of statesnormalizedby d?q (q) = N(0). Here N (0) is the total
density of states (DOS) in the normal state at the Fermi level. The Eilenberger equations
have the structure of Boltzmann kinetic equation, but they alsoincorporate quartum coher-
encee ects. They must be complemeted by the self-consistencyequation expressinglocal
value of ( r) in terms of the anomalousGreenfunction F:
" 7 4
? (' DT @k F( k) =0 (31)

( r)In(%)+ 2T

n=0 n

In a frequenly consideredby theorists caseof the isotropic scattering the collision integral
in equation (30) is remarkably simpli ed:
z
1 . :
d’q (W (k; )[G(K)F(a) F(k)G(q)] = =[G(k)IFFi F(k)hGi]; (32)

where the relaxation time is equal to inverse value of angular independen transition
probability W and h::i meansthe angular averageover the Fermi sphere.

The Eilenbergerequationis simpler than complete Gor'kov equationssinceit cortains only
one function depending on by one lessnumber of argumens. It could be expected that
in the limit of very short relaxation time Ty 1 (T is transition temperature in the
clean superconductor) the Eilenbergerkinetic-like equation will becomesimilar to di usion
equation. Sud a di usion-lik e equation was indeed derived by Usadel[79]. In the caseof
strong elastic scattering and the isotropic Fermi surface (sphere) the Green function does
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not depend on the direction on the Fermi sphereand dependsonly on frequencyand the
spatial coordinate r. The Usadelequation reads(we omit both argumens):

20F DOG&Fx F@ =2 G (33)

In this equationD = vZ =3 is the di usion coe cient for electronsin the normal state and
@stays for the gauge-ivariant gradiert: &= r  2ieA=hc. The Usadelequationsmust be
complemeted by the sameself-consistencyequation (31). It is alsousefulto keepin mind
expressionfor the current density in terms of the function F:

j=ie2 TN(0)D * F& F&): (34)
1.>0

= n

One can considerthe set of Greenfunctions G, F, FY aselemens of the 2x2 matrix Green
function § wherethe matrix indicescan be identi ed with the particle and hole or Nambu
channels. This formal trick becomesrather essetial when the singlet and triplet pairing
coexist and it is necessaryto take in accourt the Nambu indices and spin indices simulta-
neously Eilenbergerin his original article [77] hasindicated a way to implemert the spin
degreesof freedomin his scheme. Belov we demonstratea conveniert modi cation of this
represetation proposedby Bergeretet al. [83. Let usintroducea matrix g(r;t;r%t9 with
matrix elemens g;'f;‘oo, wheren; n®arethe Nambu indicesand s; s’arethe spinindices,de ned

asfollows: 1X 7
)= 27 (Wano d Do) FuelrS )i (35)

noo
The matrix 75 in the de nition (35) is the Pauli matrix in the Nambu space.To clarify the
Nambu indiceswe write explicitly what do they meanin terms of the electronic -operators:
1s si 2 Y and s means s. The most generalmatrix g can be expandedin the
Nambu spaceinto a linear combination of 4 independert matrices “;k = 0; 1;2; 3, where
" is the unit matrix and three others are the standard Pauli matrices. Following [83], we
acceptfollowing notations for the componerts of this expansion,which are matricesin the
spin space:

9= 0o+ G+ Fif = fiin + foi% (36)

The matrix f describes Cooper pairing sinceit cortains only anti-diagonal matricesin the
Nambu space.In turn the spin matricesf’\l and f’\z canbe expandedin the basisof spin Pauli
matrices ;;j = 0; 1; 2; 3. Without lossof generality we can acceptthe following agreemet
about the scalarcomponerts of the spin-spaceexpansion:

1= f10 + f205, 15 = folo + fals (37)

It is easyto ched that the amplitudesf;;i = 0:::3 are assaiated with the following conbi-
nations of the wave-function operators:

fo I ho yt 4o

1Each time when Nambu and spin matrices stay together we meanthe direct product.
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N}
>
+
H OHEH< #H<
H#<

Thus, the amplitude f 3 correspndsto the singlet pairing, whereasthree othersare responsi-
ble for the triplet pairing. In particular, in the absenceof triplet pairing only the componert
f 3 survivesand the matrix f is equalto

Let us considerwhat modi cation must be introducedinto the Eilenbergerand Usadelequa-
tions to take in accournt the exchangeinteraction of Cooper pairs with the magnetization
in the ferromagnet. Neglectingthe reciprocal e ect of the Cooper pairs onto the electrons
of d- or f-shell responsible for magnetization, we introduce the e ective excdhange eld h(r)
acting inside the ferromagnet. It producespseudo-Zeemarsplitting of the spin energy. In
the caseof the singlet pairing the Matsubara frequency! must be substituted by ! + ih(r).
When the direction of magnetization changesin spacegeneratingtriplet pairing, the Usadel
equationis formulated in terms of the matrix g [83]:

S@u@) tilvsid+ sion ngl= il il (39)

wherethe operators of the magnetic eld h and the energygap are de ned asfollows:
h= 3 h (39)
= 122 (40)

To nd a speci ¢ solution of the Eilenbergerand Usadelequationsproper boundary condi-
tions should be formulated. For the Eilenberger equationsthe boundary conditions at an
interface of two metals were derived by Zaitsev [84]. They are most naturally formulated in
terms of the antisymmetric (g*) and symmetric (g°) parts of the matrix g with respect to

re ection of momertum p, ! p, assumingthat z is normal to the interface. One of them
statesthat the antisymmetric part is cortinuous at the interface (z = 0):
9’(z= 0)=g(z= +0) (41)

The secondequation connectsthe discortinuity of the symmetric part at the interfaceg® =
0’(z= +0) ¢g%(z= 0) with the re ection coe cient R and transmissioncoe cient D of
the interface and antisymmetric part g2 at the boundary:

Dg’(gf ¢°¢°) = Rg*[1 (997 (42)

2In reality the exchange energy has quite dierent origin than the Zeemaninteraction, but at a xed
magnetization there is a formal similarity in the Hamiltonians.
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whereg; = g°(z = +0) + g(z = 0). If the boundary is transparert (R=0, D=1), the
symmetric part of the Greentensor g is also cortinuous.

The boundary conditions for the Usadel equations, i.e. under the assumption that the
mean free path of electron| is much shorter than the coherencdength , were derived by
Kupriy anov and Lukichev[85. The rst of them ensureghe continuity of the current o wing

through the interface: g g
O< 0>
<Ok—F= >0 —/—, 4
%4 % (43)
wherethe subscripts< and > relate to the left and right sidesof the interface; ... denote
the conductivity of the proper metal. The secondboundary condition connectsthe current
with the discortinuity of the order parameter through the boundary and its transmission

and re ection coe cients D( ) and R( ):

dg 3,cosD()... = .
|>Q>E— Z*"W'[Qm%], (44)

where is the incidenceangleof the electronat the interfaceand D( ), R( ) are correspnd-
ing transmissionand re ection coe cients. This boundary condition can be rewritten in
terms of measurablecharacteristics:

dg- 1.
>Q>E = R—b|[g<,g>], (45)

where Ry, is the resistanceof the interface. In the caseof high transparency (R 1) the
boundary conditions (43,44) can be simpli ed asfollows [86]:

dfe _dfs

7' dz dz’

where is the ratio of normal state resistivities.

fo=1fo

(46)

3 Hybrids Without Proximit y E ect

3.1 Magnetic Dots

In this subsectionwe considerthe ground state of a SC Im with a circular very thin FM dot
grown upon it. The magnetization will be consideredto be xed, homogeneousnside the
dot and directed either perpendicular or parallel to the SC Im (see gure 1). This problem
is basiconefor a classof more complicatedproblemsincorporating arrays of magneticdots.

We will analyzewhat are conditions for appearanceof vorticesin the ground state, where
do they appear and what are magnetic elds and currerts in thesestates. The S Im is
assumedo be very thin, planeand in nite in the lateral directions. Sincethe magnetization
is con ned insidethe nite dot nodi culties with the surfaceintegralsover in nitely remote
surfacesor cortours arise.
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Figure 1. Magnetic dots with out-of-plane and in-plane magnetization and vortices.

3.1.1 Magnetic Dot: Perpendicular magnetization

For an in nitely thin circular magnetic dot of the radius R with 2d magnetizationm(r) =
m2( R r) (z d) onthe top of the SC Im the magnetic eld can be calculated using
equations(18,19). The Fourier-componernt of magnetizationnecessaryor this calculation is:

My = 22%R31(qR)eikzd; (47)

where J,(x) is the Besselfunction. The Fourier-transformsof the vector-potertial reads:

i8 2mRJ.(gR)

A’r?nk = k2
(e M he + (@0 e ) (49)

Though the di erence in the round brackets in equation (48) looks to be always small (we
remind that d must be put zeroin the nal answer), we can not neglectit sinceit occurs
to give a nite, not small cortribution to the parallel component of the magnetic eld
betweenthe two Ims. From equation (48) we immediately nd the Fourier-transforms of
the magnetic eld componerns:

Bihg = i0AL Bhg= kAL, (49)

For the readerscorveniencewe also presen the Fourier-transform of the vector-potential at
the superconductor surface:
, _ i82mR
%ma T T3 oq

In the last equationwe have put e % equalto 1.
Performing inverseFourier-transformation, we nd the magnetic eld in real space:

J1(aR) (50)

21 35(qR)Jo(ar)e 97 7

BZ(r;z)=4 mR
m(,z) 1+2q

dqg (51)
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Figure 2: Magnetic eld of dot with and without vortex for R= = 5and =8 mR = 4

z
Bl (r;z)=2 mR 01 J1(gR)J1(ar)e 94
[1fq2q (2)+ (z d) (2]adg (52)

where ( z) is the step function equalto +1 at positive z and 1 at negative z. Note that
B[, hasdiscortinuities at z = 0 and z = d due to surfacecurrerts in the S- and F- Ims,
respectively, whereasthe normal componert BZ is cortinuous.

A vortex, if appears,must be locatedat the certer of the dot dueto symmetry. If R :
the direct calculation shavs that the certral position of the vortex provides minimal energy
For small radius of the dot the deviation of the vortex from the certral position seemseven
lessprobable. We have chedked numerically that certral position is always energyfavorable
for one vortex. Note that this fact is not trivial since the magnetic eld of the dot is
stronger near its boundary. Howeer, the gain of energydue to interaction of the magnetic
eld generatedby the vortex with magnetization decreasesvhen the vortex approatesthe
boundary. The normal magnetic eld generatedby the Pearl vortex is given by equation
(22). Numerical calculationsbasedon equations(51, 22) for the caseR > shaws that B,
at the S-Im (z = 0) changessignat somer = Rq (see gure 2) in the presenceof the vortex
certered at r = 0, but it is negative everywhereat r > R in the absenceof the vortex.

The physical explanation of this fact is asfollows. The dot itself is an ensenble of parallel
magneticdipoles. Each dipole generatesnagnetic eld at the plane passingthrough the dot,
which hasthe signoppositeto its dipolar momen. The elds from di erent dipolescompete
at r < R, but they have the samesignat r > R. The SC current resiststhis tendency The

eld generatedby the vortex decgs slower than the dipolar eld (1=r3vs. 1=r*). Thus,
the sign of B, is opposite to the magnetization at small valuesof r (but larger than R)
and positive at large r. The measuremen of magnetic eld nearthe Im may sene asa
diagnostictool to detecta S-vortex con ned by the dot. To our knowledge,sofar there were
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Figure 3: Phasediagram of vorticesinduced by a magneticdot. The lines corresmpnd to the
appearanceof 1,2 and 3 vortices, respectively.

no experimertal measuremets of this e ect.
In the presenceof a vortex, energy of the system can be calculated using equations
(23-26). The appearanceof the vortex changesenergyby the amourt:

="+ " (53)

where", = "gIn( = ) is the energyof the vortex without magneticdot, "o = 2=(16 2 );
"mv IS the energyof interaction betweenthe vortex and the magnetic dot given by equation
(26). For this speci ¢ problemthe direct substitution of the vector-potertial, magnetic eld
and the phasegradient (seeequations(50,51))leadsto a following result:

21 Jy(gR)dq

o 1+2q (54)

"mv = m R
The vortex appearswhen turns into zero. This criterion determinesa curve in the plane of
two dimensionalvariablesR= andm o=",. This curve separatingregimeswith and without
vorticesis depictedin gure 3. The asymptotic of ", for large and small valuesof R= can
be found analytically:

R
v m o (— 1)
R R
" m _ - 1
mv 02 ( )
Thus, asymptotically the curve = 0 turns into a horizontal straight line m (=", = 1 at

large R= and logarithmically distorted hyperbola (m ,=",)(R=) = 2 at small ratio R= .
At further increasingof either m =", or R= the secondvortex becomesenergy fa-
vorable. Due to symmetry the certers of the two vortices are located on the straight line
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including the certer of the dot at equal distancesfrom it. The energy of the two-vortex
con guration can be calculatedby the samemethod. The curve 2 on gure (3) correspnds
to this secondphasetransition. In principle there existsan in nite seriesof sud transitions.
Howeer, here we limit ourseheswith the rst three sinceit is not quite clear what is the
most energyfavorable con guration for 4 vortices (for 3 it is the regular triangle). It is not
yet studied what is the role of con gurations with se\eral vortices con ned inside the dot
region and antiv ortices outside.

3.1.2 Magnetic Dot: Parallel Magnetization

Next we consideran in nitely thin circular magneticdot whosemagnetizationM is directed
in the plane and is homogeneousnside the dot. An explicit analytical expressionfor M
readsas follows:

M=mo (R ) (2% (55)

where R is the radius of the dot, mg is the magnetization per unit areaand % is the unit
vector along the x-axis. The Fourier transform of the magnetizationis:

J1(aR)
q

My = 2 moR R (56)

The Fourier-represetation for the vector-potertial generatedby the dot in the presenceof

magnetic Im takesthe form:

8 2rnoR

kZ+ of

{k,etkzd e «
q 1+ 2q

Ab = €

Ji(gR)cog ()

] (57)

Let introduce a vortex-artivortex pair with the certers of the vortex and antivortex
locatedat x = + o, x = o0, respectively. Employing equations(23-26) to calculate the
energy we nd:

z 1 JO(Zq O)d
. 1+ 2q
1 J1(aR)J1(q o)

where E; is the dot self energy Our numerical calculations indicate that the equilibrium
value of g is equalto R. The vortex-anti-vortex creation changesthe energyof the system

by:

E = 20'”(—) 40

=92 A 0 )
Olll( ) 0 0 1 2
2m0 oR o —1( ) 1( )dq (59)
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Figure 4: Phasediagram for vortices-arti-v orticesinducedby the magneticdot with in-plane
magnetization.

The instability to the vortex-anti-vortex pair appearancedewlopswhen changessign.
The curve that correspndsto = 0 is given by a following equation:

R
mo o _ 2n(-) 4 o F5dg (60)
R r(1 Jl(qllj)z\];(qR) dq

0

The critical curve in the plane of two dimensionalratios ™2 and R is plotted numerically
in gure (4). The creation of vortex-arti-vortex is energy Unfavorable in the region below
this curve and favorable above it. The phasediagram suggestghat the smalleris the radius
R of the dot the larger value ”"0—00 is necessaryto createthe vortex-ani-vortex pair. At large
valuesof R and mg ¢ o, the vortex is separatedby a large distancefrom the antiv ortex.
Therefore, their energyis appraximately equal to that of two free vortices. This positive
energyis compensatedby the attraction of the vortex and antivortex to the magnetic dot.
The critical valuesof my (=, seemsto be numerically large even at R= 1. This is
probably a consequencef comparablyine ectiv e interaction of in-plane magnetizationwith
the vortex.

Magnetic dots with a nite thicknesswere consideredby Milosevicet al. [42,43, 44]. No
gualitativ e changesof the phasediagram or magnetic elds were reported.
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Figure 5: Left: Field dependenceof the resistivity of a Nb thin Im with a triangular array
of Ni dots. (From Martin et al. [6]).

Right: Critical current as a function of eld for the high density triangular array at T =
8.52K T.= 8.56K (From Morgan and Ketterson [7]).

3.2 Array of Magnetic Dots and Superconducting Film
3.2.1 Vortex Pinning by Magnetic Dots

Vortex pinning in superconductorsis of the great practical importance. First time the
arti cial vortex pinning was createdby S-Im thicknessmodulation in sewenties. Martinoli
et al. [10] have usedgrooveson the Im surfaceto pin vortices and Hebard et al. [11, 12]
have usedtriangular arrays of holes. Magnetic structures provide additional possibilitiesto
pin vortices. First experimerts were performed in the Louis Neel lab in Grenoble [3, 4].
Theseexperimerts were performed with dots seweral microns wide with the magnetization
parallel to the superconducting Im. They obsened oscillations of the magnetization vs
magnetic eld. Theseoscillationwasattributed to a simplematching e ect: pinning becomes
strongerwhenvortex lattice is commensuratewith the lattice of pinning certers. This canbe
measuredin terms of external, normal to the Im magnetic eld neededto generateinteger
number of vortices per unit cell of the pinning array.

Flux pinning by atriangular array of submicronsizedots with typical spacing400-600nm
and diameterscloseto 200nm magnetizedin-plane was rst reported by Martin et al. [6].
Oscillations of the resistivity with increasing ux wereobsened with period correspndingto
one ux quarta per unit cell of magneticdot lattice (see gure 5Left. This canbe explained
by the matching e ect. Though matching e ect is not speci ¢ to magnetic pinning arrays,
enhancedpinning with magnetic dots with magnetization parallel to the Im was obsened
by Martin et al. [6].

Dots array with out-of-plane magnetization componert was rst created and studied
by Morgan and Ketterson [7]. They have measuredcritical currernt as a function of the
external magnetic eld and found strong asymmetry of the pinning properties vs magnetic
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Figure 6: Scematic presetation of the polarity dependert ux pinning, preseting the
crosssectionof a Pb Im deposited over a magneticdipole with in-plane magnetization: (a)
A positive FL (wide gray arrow) is attached to the dot at the pole where a negative ux
guantum is inducedby the stray eld (black arrows), and (b) a negative FL is pinned at the
pole wherea positive ux quarntum is induced by the stray eld. (From Van Bael et al.[87)])

eld direction (see gure 5Right). This experimert hasgiven the rst direct experimertal
evidencethat the physicsof vortex pinning by magneticdotsis di erent from that of common
pinning certers.

Pinning properties of the magnetic dots array depends on se\eral factors: magnetic
momert orientation, the strength of the stray eld, the ratio of the dot sizeand the dot lattice
constart to the e ective penetration depth, array magnetization, the strength and direction
of the external eld, etc. The use of magnetic imaging technique, namely Scanning Hall
Probe Microscope (SHPM) and Magnetic Force Microscope (MFM) has revealed exciting
pictures of vortex \w orld". Sud studiesin combination with traditional measuremets gives
new insight in vortex physics. This work was done mainly by the group at the University of
Leuven. Below we brie y discussonly a few casesstudied in great details by this group.

Dots with Parallel Magnetization Van Bael et al.[87] studied with ScanningHall Probe
Microscope (SHPM) the magnetizationand vortex distribution in a squarearray (1.5 m pe-
riod) of rectangular (540nmX360nm)cobalttrilayer Au(7.5nm)/Co(20nm)/Au(7.5nm) dots
with magnetization along the edgesof the dots lattice. SHPM imageshave revealed mag-
netic eld redistribution due to superconducting transition in the covered 50nm thin lead
superconducting Im. Thesedata were interpreted by Van Bael et al.[87] as formation of
vortices of opposite sign on both sidesof the dot. By applying external magnetic eld Van
Bael et al.[87] have demonstratedthe commensuratdattice of vortices residingon the \end"
of magnetizeddots. This location is in agreemeh with theoretical prediction [32]. Remark-
ably, they wereable to obsene \compensation" of the vortices createdby the dots stray eld
with vortices of the opposite sign due to applied normal eld (see gure 6).

Dots with Normal Magnetization Van Bael et al.[88 have elucidated with the SHPM
imagesthe nature of previouslyreported (seee.g. work [7]) anisotropy in the vorticespinning
by the array of dots with normal magnetization. They haveusedl m period lattice of square,
400nmside length and 14nmthin, Co/Pt multilayer dots coveredwith 50nmthin lead Im.
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Figure 7: SHPM imagesof a (10.5 m)? area of the samplein H=-1.6 Oe (left panel) and
H=1.6 Oe (right panel), at T=6.8 K ( eld-cooled). The tiny black/white dots indicate the
posi- tions of the Co/Pt dots, which are all alignedin the negative sensgm < 0). The ux
lines emergeas di use dark (H < 0) or bright (H > 0) spots in the SHPM images. (From
Van Bael et al.[88])

Zero eld SHPM imagesshov the chederboard-like distribution of magnetic eld (seeSec.
3.3.4)The stray eld from the dots werenot su cient to createvortices. In a very weak (1.6
Oe) external eld the averagedistancebetweenvortices was about 4 lattice spacings.In the
caseof the eld parallel to the dots magnetizationvortices resideon the dots, asthe SHPM
imageshows (see gure 7a). In the caseof the same eld with opposite direction, the SHPM
shows vortices located at interstitial positionsin the magneticdots lattice (see gure 7b). It

is plausible that the pinning barriers are lower in the secondcase.

Figure 8 shavs dependanceof superconduction Im magnetization versusapplied mag-
netic eld normalto the Im. Moshdalkov et al.[89 have shovn that magnetic eld depen-
denceof Im magnetizationof the superconducting Im is very similar to the critical current
dependenceon magnetic eld. Figure 8 shows strong anisotropy of the pinning propertieson
the external magnetic eld direction. Magnetic eld parallel to the dots magnetic momert
shonvs much stronger vortex pinning than antiparallel.

3.2.2 Magnetic Field Induced Superconductivit y

Considera regular array of magnetic dots placed upon a superconducting Im with mag-
netization normal to the Im. For simplicity we considervery thin magnetic dots. Namely
this situation is realizedmagnetic Ims with normal magnetizationusedin experimert [90]).
The net ux from the magneticdot through any planeincluding the surfaceof the supercon-
ducting Im (see gure 9) is exactly zero. Supposethat on the top of the magnetic dot the
z-componen of the magnetic eld is positive as shavn in the mertioned gure. Due to the
requiremen of zeronet ux the z-componen of the magnetic eld betweenthe dots must
be negative. Thus, S-Im occursin a negative magnetic eld normal to the Im. It canbe
partly or fully compensatedby an external magnetic eld parallel to the dot magnetization
(see gure 9). Sud a compensation can be even more e ective in for a regular array of
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Figure 8: M (H/H ;) magnetization curvesat di erent temperaturesnear T, (7.00 K open
symbols, 7.10K lled synbols) shoving the superconductingresponseof the Pb layer on top
of the Co/Pt dot array with all dots aligned in a positive upper panel and negative lower
panel sense.H;=20.68 Oeis the rst matching eld. (From Van Bael et al.[88])

23



Figure 9: Sthematical magnetic eld distribution in the the array of dots with normal to the
superconducting Im magnetization. (From Langeet al. cond-mat/0209101)

magnetic wires embeddedin alumina template [35, 37, 91]. Lange et al.[90 have proposed
this trick and readed a positive shift of the S-transition temperature in an external mag-
netic eld, the result looking courterintuitiv e if oneforgetsabout the eld generatedby the

dots. In this experimert a thin superconducting Im was covered with a squarearray of
the CoPd magneticdots with normal to the Im magnetization. The dots had squareshape
with the side 0.8 m, the thickness22nm and the dot array period 1.5 m. The H-T phase
diagrams presetied in [90] for zeroand nite dots magnetization demonstrate appearance
of the superconductivity by applying magnetic eld parallel to the dot magnetization. At

T=7.20K the systemwith magnetizeddots is in normal state. It undergaestransition to the

superconductingstate in the eld 0.6mT and badk to the normal state at 3.3mT. From the

data in gure 3in work by Langeet al.[90] one can concludethat the compensating eld is

about 2mT.

3.2.3 Magnetization Controlled Superconductivit y

Above (Sec. 3.2.2) we have discussedexamplewhen application of magnetic eld cantrans-
form FSH systemfrom normal to superconductingstate. This was due compensationof the
dots stray magnetic eld with external magnetic eld.

Earlier Lyuksyutov and Pokrovsky [26] have discussedtheoretically situation when de-
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Figure 10: Left: Magnetized magnetic dots array. Vortices of di erent signs are shovn
schematically by supercurrert direction (dashedlines). The magnetic momert direction
is indicated by . Both vortices bound by dots and created spontaneously are shown.
Magnetizedarray of dots createregular lattice of vorticesand antiv orticesand provide strong
pinning. Right: Demagnetizedmagnetic dots array results in strongly uctuating random
potertial which createsunbound antiv ortices/vortices, thus transforming superconducting
Im into resistive state.
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Figure 11: Left:The cheder-board average structure of the vortex plasma. Right: The
averagenumber of the unbound vortices in the cell of sizea via the parameter propor-
tional to the dot magnetic momert. Dot-dashedline correspndsto T= 4 = 0:15, solid line
correspndsto T= ¢ = 0:4, dashedline correspndsto T=q = 2.

magnetizedarray of magnetic dots with normal magnetization create resistive state in the
coupledsuperconducting Im. Howewer, superconducting state can be restoredby magneti-
zation of the dots array. This courter intuitiv e phenomenacan be explained on qualitative
level. In the casewhen single dot createsone vortex, magnetizedarray of dots results in
periodical vortex/antiv ortex structure with anti-vortices localizedat the cenrters of the unit
cellsof the squarelattice of dots asshavn in gure 10Left. Sud order provides strong pin-
ning. More interesting is demagnetizedstate in which the induced vortices and antiv ortices
createarandom eld for a probe vortex. If the lattice constant of the array a is lessthan the
e ective penetration depth , the random elds from vortices are logarithmic. The e ective
number of random logarithmic potertials acting on a probe yortex is N = (=a)? and the
e ective depth of potential well for a vortex (antivortex) is N ,. At proper conditions,
for example near the S-transition point, the potertial wells can be very deepenabling the
spontaneous generation of the vortex-antiv ortex pairs at the edgesbetween potential val-
leys and hills. The vortices and antiv ortices will screenthesedeepwells and hills similarly
to the screeningin the plasma. The di erence is that, in corrast to plasma, the screen-
ing "charges" do not exist without external potertial. In sud a attened self-consisteh
potertial relief the vortices have percolatedin nite trajectories passingthrough the saddle
points [29]. The drift motion of the delocalizedvortices and antiv orticesin the external eld
generatesdissipation and transfer the S-Im into the resistive state (see gure 10Righ).
Replacingslow varying logarithmic potertial by a constart at distanceslessthan and zero
at larger distances,Feldmanet al. have found thermodynamic and transport characteristics
of this system. Below we brie y outline their main results. For the sake of simplicity we
replacethis slow varying potential V (r) by a potential having a constart value within the
singlecell: \Vp, = 2 ¢ at the distancer < and zeroatr > , where o = 3=(16 2 ), o
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Figure 12: The static resistance of the Im vs dimensionlesstemperaturet = T=T, at
typical valuesof parameters.

is the magnetic ux quartum. Consideringthe Im asa set of almost unbound cells of the

linear size we arrive at the following Hamiltonian for sud a cell:

X X X
H= U n+ n“+2, nin;; (61)
| | 1>]

where n; is integer vorticity on either a dot and or a site of the dual lattice (betweenthe
dots) which we corvertionally assaiate with location of unbound vortices. ; = 1, where
subscripti relatesto the dot, descrikesthe random signof the dot magneticmomens. ; = 0
on the sites of dual lattice. The rst term of the Hamiltonian (61) descrikes the binding
energy of the vortex at the magnetic dot and U o 4= o, With 4 being the magnetic
ux through a singledot. The secondterm in the Hamiltonian is the sum of single vortex
energies, = olIn( ¢ =a), wherea is the period of the dot array, is the superconducting
coherencdength. The third term mimicsthe intervorteéinteraction. Rede ning the constan
, onecan replacethe last term of equation (61) by o( n;)2. The sign of the vorticity on a
dot follows two possible("up'- and "down-') orientations of its magnetization. The vortices
located betweenthe dots (n; on the dual lattice) are correlatedon the scalesof order and

form the above-merioned irregular chedker-board potential relief.
To nd the ground state, we considera cell with large number of the dots of %adn sign
(=a)2 1. The energy(61) is minimal when the "neutrality" condition Q ni=20
is satis ed. Indeed, if Q 6 O the interaction energy grows as Q?, whereasthe rst term
of the Hamiltonian behaves as jQj and can not compensatethe last one unlessQ 1.
The neutrality constrain meansthat the unbound vortices SBreenaImost completely the
\charge" of those bound by dots, that is K (N, N ) N  =a whereK is the
di erence betweenthe numbers of the positive and negative dotsand N  are the numbers of
the positive and negative vortices, respectively. Neglectingthe total chargejQj ascompared
with =a, we minimize the energy(61) accourting for the neutrality constraint. At Q = 0
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the Hamiltonian (61) can be written asthe sum of one-\ortex energies:
X 2
H = Hi; H= U n+ ni: (62)

The minima for any H; is achieved by choosingn; = n?, an integer closestto the mag-
nitude ; = {U=(2 ). The global minimum consistem with the neutrality is realized by
valuesof n; that di er from the local minima valyesn? not rr|1_>orethan over 1. Indeed,in the
con guration with n; = n?, the total chargeisj n{] ] i = K . Hence,if =a,
then the changeof the vorticity at a small part of sitesby 1 restoresneutrality. To be more
speci ¢ let usconsiderK > 0. Let n bethe integerclosestto , and considerthe case < n.
Then the minimal energycorrespndsto a con guration with the vorticity nj = n at eah
negative dot and with the vorticity n or n 1 at positive dots. The neutrality constrairnt
implies that the number of positive dots with the vorticity n 1isM = Kn. In the opposite
case > n the occupanciesof all the positive dots are n; whereas,the occupanciesof the
negative dots are either n or n+ 1. Note that in our model the unbound vortices are absen
in the ground state unless is an integer. Indeed, the transfer of a vortex from a dot with
the occupancyn to a dual site changesthe energyby E = 2 ( n + 2). Hence,the
energytransfer is zeroif and only if is an integer, otherwisethe energychangeupon the
vortex transfer is positive. At integer , the number of the unbound vortices can vary from
0 to Kn without change of energy The ground state is degenerateat any non-integer
since,while the total number of the dots with the di erent vorticities are xed, the vortex
exchange betweentwo dots with the vorticities n and n 1 doesnot changethe total en-
ergy. Thus, our model predicts a step-like dependenceof dot occupancieson at the zero
temperature and peaksin the concertration of unbound vorticesasshown in gure 11. The
data for nite temperature were calculatedin the Ref.[29 The dependenciesf the unbound
vortex concettration on for sewral valuesof x = =T are shavn in gure 11. Oscillations
are well pronouncedfor x 1 and are suppressecdat small x (large temperatures). At low
temperatures,x 1, the half-widths of the peaksin the density of the unbound vortices are

1=x and the heighs of peaksare n, where = K=N.

Vortex transport{ At moderate external currents j the vortex transport and dissipation
are cortrolled by unbound vortices. The typical energy barrier assa@iated with the vortex
motion is . The unbound vortex density ism a 2 (a ) ! and oscillatesyith  as
it was shavn above. The averagedistance betweenthe unbound vorticesiis | a . The
transport current exertsthe Magnus (Lorentz) forceFy =] o=cacting on a vortex. Since
the condition T o is satis ed in the vortex state everywhere exceptfor the regionstoo
closeto T, the vortex motion occursvia thermally activated jumps with the rate:

= oexp( o=T)= (] o=chexp( o=T); (63)

where = ( ? ,)=(4 ¢€) is the Bardeen-Stephenvortex mobility [92. The induced electric
eld is accordingly

Ec.=IB=c=m 4 I=c; (64)

28



The Ohmic lossesper unbound vortex are W, = jEca = | ¢ |=cgiving rise to the dc
resistivity as
W ¢ _

dc = jZ2- @2 expl o(T)=T] (65)
Note the non-monotonicdependenceof 4 ontemperature T gure 12. The densily of the
unbound vorticesis the oscillating function of the ux through a dot. The resistivity of such
a systemis determined by thermally activated jumps of vortices through the cornersof the
irregular chedkerboard formed by the positive or negative unbound vortices and oscillates
with 4. These oscillations can be obsened by additional deposition (or removal) of the
magnetic material to the dots.

3.3 Ferromagnet - Superconductor Bilayer
3.3.1 Topological Instabilit y in the FSB

Let usconsideraF/S bilayer with both layersin nite and homogeneousAn in nite magnetic
Im with ideal parallel surfacesand homogeneousnagnetizationgeneratesno magnetic eld
outside. Indeed, it can be consideredas a magnetic capacitor, the magnetic analog of an
electric capacitor, and thereforeits magnetic eld con ned inside. Thus, there is no direct
interaction betweenthe homogeneouslynagnetizedF-layer and a homogeneousS-layer in
the absenceof currerts in it. Howewer, Lyuksyutov and Pokrovsky argued[30] that sud a
systemis unstable with respect to spontaneousformation of vorticesin the S-layer. Below
we reproducetheseargumernts.

Assumethe magneticanisotropy to be su ciently strongto keepmagnetization perpen-
dicular to the Im (in the z-direction). As we have demonstratedabove, the homogeneous
F-Im createsno magnetic eld outsideitself. Howeer, if a Pearl vortex somehav appears
in the superconducting Im, it generatesmagnetic eld interacting with the magnetization
m per unit areaof the F-Im. At a proper circulation direction in the vortex and the rigid
magnetizationm this eld decreaseshe total energyover the amourt m B (r)d?x = m,
where is the total ux. We remind that ead Pearl vortex carriesthe ux equalto the
famous ux quartum o = hc=e The energynecessarnto createthe Pearl vortex in the
isolated S-Im is © = 4In(= ) [72], where ( = 2=16 2, = 2=dis the eective
penetration depth[71], _ is the London penetration depth, and is the coherencdength.
Thus, the total energyof a singlevortex in the FSB is:

v=9 m (66)

and the FSB becomeaunstablewith respect to spontaneousformation vorticesassoon as
turns negative. Note that closeenoughto the S-transition temperature Ts,  is de nitely
negative sincethe S-electrondensity ns and, therefore,  is zeroat Ts. If m is so small
that > Oat T = 0, the instability existsin a temperature interval T, < T < Ts, whereT,
is de ned by equation ,(T,) = 0. Otherwiseinstability persiststill T = 0.

A newly appearingvortex phasecannot consistof the vortices of onesign. More accurate
statemen is that any nite, independen on the sizeof the Im L; density of vortices is
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Figure 13: Magnetic domain wall and coupledarrays of superconducting vortices with op-
posite vorticity. Arrows show the direction of the supercurrent.

energetically unfavorable in the thermodynamic limit Ly ! 1 . Indeed, any system with

the non-zeroaveragevortex density n, generatesa constart magnetic eld B, = n, o along
the z direction. The energy of this eld for a large but nite Im of the linear size L¢

grows as L} exceedingthe gain in energy due to creation of vortices proportional to L?
in thermodynamic limit. Thus, paradaically the vortices appear, but can not proliferate
to a nite densit. This is a manifestation of the long-rangecharacter of magnetic forces.
The way from this cortroversy is similar to that in ferromagnet: the Im should split in
domainswith alternating magnetization and vortex circulation directions. Note that these
are conbined topological defects: vortices in the S-layer and domain walls in the F-layer.
They attract ead other. The vortex density is higher nearthe domain walls. The descriked
texture represets a new classof topologicaldefectswhich doesnot appearin isolated S and
F layers. We shav below that if the domain linear sizeL is much greaterthan the e ective
penetration length , the most favorable arrangemen is the stripe domain structure (see
(gure 13)). The quartitativ e theory of this structure was given by Erdin et al. [31].

The total energyof the bilayer can be represeted by a sum:

U= Usy+ Uy + Unm + Upm + Ugw (67)

whereUs, is the sumof energief singlevortices; U, is the vortex-vortex interaction energy;
Uvm is the energyof interaction betweenthe vorticesand magnetic eld generatedoy domain
walls; Uy, is the self-ineraction energyof magnetic layer; Uy, is the linear tension energy
of domain walls. We assumethe 2d periodic domain structure consisting of two equivalernt
sublattices. The magnetization m,(r) and density of vortices n(r) alternate when passing
from onesublattice to another. Magnetization is supposedto have a constart absolutevalue:
m,(r) = ms(r), wheres(r) is the periodic step function equalto +1 at one sublattice and
-1 at the other one. We considera dilute vortex systemin which the vortex spacingis much
largerthan . Then the single-\ortex energyis:
z
Uy = v nr)sd®x; v= @ m, (68)
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The vortex-vortex interaction energyis:

z
Uy = % n(NOV(r  rin(rYd®xd?x? (69)
whereV(r r9 is the pair interaction energy between vortices located at points r and r°.
Its asymptotics at large distancesj r  r%j isV(r r9= 2=4 2jr r9%)[93]. This
long-rangeinteraction is induced by magnetic eld generatedby the Pearl vortices and their
slowly decging currents®. The energyof vortex interaction with the magnetic eld generated
by the magnetic Im looks as follows [32]:

z

Uym = 5 2 r'(r rYnr% a™(r)d?xd?x° (70)

Here' (r r9 = arctani—‘xif, is a phaseshift createdat a point r by a vortex certered at
a point r®and a™(r) is the value of the vector-potertial induced by the F-Im upon the
S-Im. This part of energysimilarly to what we did for one vortex can be reducedto the
renormalization of the single vortex energywith the nal result already shavn in equation
(68). The magnetic self-irteraction reads:
m Z

Unm = > B{™ (r)s(r)dx (71)
Finally, the domain walls linear energyis Ugy = gwlqaw Where g, is the linear tension of
the domain wall and L, is the total length of the domain walls.

Erdin et al.[31] have compared energiesof stripe, square and triangular domain wall
lattices, and found that stripe structure has the lowest energy Details of calculation can
be found in [31] (seecorrection in [33]. The equilibrium domain width and the equilibrium
energyfor the stripe structure are:

Ls= —exp % c+1 (72)

2 n

_ 1 dw
Us = exp ame +C 1 (73)

wherem = m 9= , and C=0.57721is the Euler constart.The vortex density for the stripe
domain caseis:

4 ~ 1
3L sin( x=Ls)
Note a strong singularity of the vortex density nearthe domainwalls. Our approximation is

invalid at distancesof the order of , and the singularities must be smearedout in the band
of the width  around the domain wall.

n(x) = (74)

3From this long-rangeinteraction of the Pearl vortices it is ready to derive that the energy of a system of
vortices with the samecirculation, located with the permanert density n, on a Im having the lateral size
L, is proportional to n2L3
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The domains becomeinnitely wideat T = Tsandat T = T,. If g  4m? the
cortinuous appraximation becomesnvalid (seesec. 3.2.3) and instead a discrete lattice of
vortices must be considered. It is possiblethat the long nucleation time can interfere with
the obsenation of described textures. We expect, howewer that the vorticesthat appear rst
will reducethe barriers for domain walls and, subsequetly, expedite domain nucleation.

Despite of theoretical simplicity the ideal bilayer is not easyto realize experimertally.
The most popular material with the perpendicularto Im magnetizationis a multilayerer
made from Co and Pt ultrathin Ims (seeSec.3.3.4).This material has very large coercive
eld and rather chaotic morphology Therefore,the domain walls in sud a multilayer are
chaotic and almost unmovable at low temperatures(seeSec.3.3.4).We hope, however, that
these experimertal di culties will be overcomeand spontaneousvortex structures will be
discovered beforelong.

3.3.2 Superconducting transition temp erature of the FSB

The superconducting phasetransition in ferromagnet-sugrconductor bilayer was studied
by Pokrovsky and Wei [33]. They have demonstratedthat in the FSB the transition pro-
ceedsdiscortinuously as a result of competition betweenthe stripe domain structure in a
FM layer at suppressedsuperconductivity and the combined vortex-domain structure in
the FSB. Spontaneousvortex-domain structures in the FSB tend to increasethe transition
temperature, whereasthe e ect of the FM self-interaction decreasest. The nal shift of
transition temperature T, depends on seeral parameters characterizing the SC and FM
Ims and variestypically between-0.03T, and 0.03T, .

As it was discussedearlier, the homogeneoustate of the FSB with the magnetization
perpendicularto the layer is unstablewith respectto formation of a stripe domain structure,
in which both, the direction of the magnetizationin the FM Im and the circulation of the
vorticesin the SC Im alternate together. The energyof the stripe structure per unit area
U and the stripe equilibrium width Lg is given in equations73, 72. To nd the transition
temperature, we conmbine the energygiven by equation 73 with the Ginzburg-Landau free
energy The total free energyper unit areareads:

16m?2
F=U+Fg = : exp( 4ﬁ;‘;v +C D ngd (T T+ nd: (75)

Here and are the Ginzburg-Landau parameters. We omit the gradiert term in the
Ginzburg-Landau equation sincethe gradierts of the phaseare included in the energy(73),
whereasthe gradierts of the superconductingelectronsdensity can be neglectedeverywhere
beyond the vortex cores. Minimizing the total free energy Pokrovsky and Wei [33] have
found that near T, the FSB free energycan be represeted as

2(T Tl’)zd
S

FS: 2

(76)

32



whereT, is given by the equation:

T, = T+
e MC> XX mz2

+C 1) (77)

The SCphaseis stableif its freeenergyequation76is lessthan the free energyof a single
FM Im with the stripe domain structure, which hasthe following form [94, 95]:

4m?

Fon= —
m Lf

(78)
where L is the stripe width of the single FM Im. Near the SC transition point the
temperature dependenceof the variation of this magnetic energyis negligible. Hence,when
T increasesthe SC Im transformsinto a normal state at sometemperature T . below T,.
This is the rst-order phasetransition. At transition point both energiesFs and F,, are
equalto ead other. The shift of the transition temperature is determined by a following
equation:

8 m?2
zdst

Two terms in equation 79 play opposite roles. The rst oneis due to the appearanceof
spontaneousvortices which lowers the free energy of the systemand tends to increasethe
transition temperature. The secondterm is the cortribution of the purely magneticenergy
which tends to decreasethe transition temperature. The values of parameters enering
equation 79 can be estimated as follows. The dimensionlessGinzburg-Landau parameter
is = T7:04T.= ¢, where ¢ is the Fermi energy A typical value of is about 10 3 for
low-temperature superconductors. The secondGinzburg-Landau parameteris = T¢=n,
where n. is the electron density. For estimates Pokrovsky and Wei [33] take T, 3K,
ne 107 cm®. The magnetization per unit aream is the product of the magnetization
per unit volume M and the thicknessof the FM Im d,. For typical valuesof M 10
Oe and dy, 10nm. m 10 4 Gs/cm?. In an ultrathin magnetic Im the obsened
valuesof L; vary in the range1 to 100 m [96, 97]. If L; 1m,ds=d, = 10nm, and
exp( ~w=m?+ C 1) 103, T-=T, 0:03. For Ly = 100 m, ds = 50nm, and and
exp( ~ww=m?+ C 1) 102, T.=T. 0:02.

o<

_ 64 m?%
T me?

exp(—2 +C 1)

T, T
¢ 4m2

T. (79)

C

3.3.3 Transport prop erties of the FSB

The spontaneousdomain structure violates initial rotational symmetry of the FSB. There-
fore, it makestransport properties of the FSB anisotropic. Kayali and Pokrovsky [34] have
calculated the periodic pinning force in the stripe vortex structure resulting from a highly
inhomogeneouslistribution of the vorticesand antiv orticesin the FSB. The transport prop-
erties of the FSB are assaiated with the driving force acting on the vortex lattice from an
external electriccurrert. In the FSB the pinning forceis dueto the interaction of the domain
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Figure 14: Stematic vortex distribution in the FSB. The sign refersto the vorticity of
the trapped ux.

walls with the vortices and antiv ortices and the vortex-vortex interaction U,, Periodic pin-
ning forcesin the direction parallel to the stripesdo not appearin cortinuously distributed
vortices. In the work [34] the discreteness ects were incorporated. Therefore,one needto
modify the theory [31]to incorporate the discreteness ects.

Kayali and Pokrovsky [34]have shoved that, in the absenceof a driving force, the vortices
and antiv ortices linesthemselesup in straight chainsand that the force betweentwo chains
of vorticesfallso exponertially asafunction of the distanceseparatingthe chains. They also
arguedthat pinning forcein the direction parallel to the domainsdropsfasterin the vicinity
of the superconductingtransition temperature T and vortex disappearancetemperature T,.

In the presenceof a permanen currernt there are three kinds of forcesacting onto a
vortex. They are i) The Magnus force proportional to the vector product of the current
density and the velocity of the vortex; ii) The viscousforce directed oppositely to the vortex
velocity; iif) Periodic pinning force acting on a vortex from other vortices and domain walls.
The pinning force have perpendicular and parallel to domain walls componerts. In the
continuouslimit the parallel componert obviously vanishes.It meansthat it is exponertially
small if the distancesbetweenvortices are much lessthan the domain wall width. The sum
of all three forcesmust be zero. This equation determinesthe dynamics of the vortices. It
was solved under a simplifying assumptionsthat vortices inside one domain move with the
samevelocity. The critical current have been calculated for for parallel and perpendicular
orientation. Theory predicts a strong anisotropy of the critical current. The ratio of the
parallel to perpendicular critical currert is expectedto bein the range10? 10* closeto the
superconductingtransition temperature Ts and to the vortex disappearancetemperature T,,.
The anisotropy decreasesapidly when the temperature goesfrom the endsof this interval
reading its minimum somewherdnside it. The anisotropy is assa@iated with the fact that
the motion of vortices is very di erent in this two cases.At perpendicularto the domains
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direction of the permanern currert all the vortices are involved by the friction force into
a drift in the direction of the current, whereasthe Magnus force inducesthe motion of
vortices (antiv ortices) in neighboring domainsin opposite directions, both perpendicular to
the current. The motion of all vortices perpendicularto the domainscapturesdomain walls,
which alsomove in the samedirection. This is a Goldstonemode, no perpendicular pinning
force appearsin this case. The periodic pinning in the parallel direction and together with
it the perpendicular critical currert is exponertially small. In the caseof parallel current
the viscousforce involvesall vortices into the parallel motion alongthe domain walls and in
alternating motion perpendicularly to them. The domainwalls remain unmoving and provide
very strong periodic pinning forcein the perpendicular direction. This anisotropictransport
behavior could sene as a diagnostictool to discorer spontaneoustopological structures in
magnetic-sugrconducting systems.

3.3.4 Experimental studies of the FSB

In the precedingtheoretical discussiorwe assumedhat the magnetic Im changests magne-
tization direction in aweakexternal eld and achievesthe equilibrium state. All experimertal
works have beendone with the Co/Pt, Co/Pd multilayers, which have large coercive eld
and are virtually "frozen" at the experimert temperature. Lange et al. [98, 99, 100 have
studied phasediagram and pinning properties of sud magnetically "frozen" FSB. In these
works the averagemagnetization is characterizedby the parameters, the fraction of spins
directed up. Magnetic domainsin Co/Pd(Pt) multilayers look like meanderingirregular
bandsat s = 0.5 (zero magnetization) (see gure 15b) and as "bubble" domains(see gure
15d) with typical size 0.25 m-0.35 m near fully magnetizedstates(s = Oor s = 1). The
stray eld from domainsis maximal at s = 0.5 and decreaseshe superconductingtransition
temperature T, of the Pb Im by 0.2K (see gure 16). The e ective penetration depth is
about 0.76 m at 6.9K.

Closeto s = 0 or s = 1 Langeet al. [98, 99, 100 have obsened behavior in the
applied magnetic eld which is similar to the array of magneticdots with normal to the Im
magnetization (seeSec. 3.2.1). They have found asymmetry in the applied magnetic eld
for T.(H) dependenceand for pinning properties. The bubble domainshave a perpendicular
magnetic momer. If the thicknessand magnetization is su cient, they can pin vortices
which appear in the applied external magnetic eld. In this respect they are similar to
randomly distributed dots with normal magnetization. Thus, in the range of lling factor
s 0Oorl the critical current must be large enough. Contrary to this situation at s 0.5
the randomly bent band domainsdestroy a possibleorder of the vortex lattice and provide
percolation "routes” for the vortex motion. Thus the pinning is wealer and correspnds
either to smaller critical current or to a resistive state. This qualitative di erence between
magnetizedand demagnetizedstate hasbeenobsenedin the experimerts by Langeet al([98,
99, 100). The above qualitative picture of vortex pinning is closeto that dewloped by
Lyuksyutov and Pokrovsky [26] and by Feldman et al [29 for the transport properties of
the regular array of magnetic dots with the random normal magnetization (seeSec.3.2.3).
In this model the demagnetizedstate of the dot array is assaiated with the vortex creep
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Figure 15: Magnetic properties of the Co/Pt multilayer: (a) Hysteresisloop measuredby
magneto-optical Kerr e ect with H perpendicular to the sample surface. MFM images
5 m?) show that the domain structure of the sampleconsistsof band domains after

5
out-of-planedemagnetization(b), bubble domainsin the s = 0:3 (c) and s = 0:93 (d) states.
(From Langeet al. cond-mat/0310132).
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Figure 16: Dependenceof the critical temperature at zero eld T.(H=0) on the parameter
s. The minimum value of T. is obsened for s = 0:5. (From Langeet al. cond-mat/0310132)

through the percolating network. The strongly magnetizedstate, on the cortrary, provides
more regular vortex structure and enhanceginning.

3.3.5 Thic k Films

Above we have discussedhe casewhen both magneticand superconducting Ims are thin,
namely dg L and dy L¢. In this subsectionwe briey discuss,following works by
Sonin [4§], situation when both Ims are thick ds L and dy L¢. Below we neglect
the domain wall width. Consider rst the ferromagnetic Im without superconductor. This
problem has beensolwed exactly by Sonin [101]. Figure 17a shavs sthematically magnetic
eld distribution aroundthick ferromagnetic Im. The problem canbe solved by calculating
eld from \magnetic charges"on the magnetic Im surface[48].

The magnetic eld, without a superconducting substrate, at the ferromagnetic Im
boundaryy = 0" is given by [48]:

X
Hy(X) = 4M In tanI : (80)
!
Hy(x) = 2 Msign tanf at y! 0: (81)
f

The eld pattern is periodic with the period 2L; alongthe axis x. The magnetic chargeon
the Im boundaryy = 0is
!

M = M (y)sign tanﬁ : (82)
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Figure 17: Magnetic charges(+ and -) and magnetic ux (thin lineswith arrows) in a ferro-
magnetic Im (FM) without (a) and with (b) a superconductingsubstrate (SC). The mag-
netization vectorsin domainsare shavn by thick arrows. (From Sonin cond-mat/0102102)

Sonin has argued [48] that in the caseof bulk superconductor and with additional re-
quiremert _=L; ! 0, the magnetic ux from the magnetic Im is practically expelled
from superconductorand problem can be solved by usingimagesof magnetic chargeson the
magnetic Im surfaceas shavn in gure 17b. Sonin has calculated energy change due to
presenceof the superconducting substrate and concludedthat the substrate increasesthe
total magnetic energyby 1.5 times. The energyof the domain walls per unit length along
the axis x is inversely proportional to domain width L;s and the energyof the stray elds
is proportional to L¢s. The domain width L;g is determined by minimization of the total
eneygyper unit length. The growth of the magnetic energydecreaseshe domain width Lj
by = 1.5 times. Relative correctionto the energyfor nite | =L;¢ is of the order of | =L;¢
[48].

4 Proximit y Eects in Layered Ferromagnet - Super-
conductor Systems

4.1 Oscillations of the order parameter

All oscillatory phenomenatheoretically predicted and partly obsened in the S/F layered
systemsare basedon the Larkin-Ovchinnikov-Fulde-Ferrel (LOFF) e ect rst proposedfor
homogeneousystemswith coexisting superconductivity and ferromagnetism[53, 54]. They
predicted that the energy favorable superconducting order parameter in the presenceof
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exdiange eld shouldoscillatein space.The physical picture of this oscillation is asfollows.
In a singlet Cooper pair the electronwith the spin projection parallel to the exdange eld

acquiresthe energy h, whereasthe electronwith the antiparallel spin acquiresthe energy
+h. Their Fermi momerna therefore split onto the value g = 2h=v=. The Cooper pair
acquiressud a momerium and thereforeits wave function is modulated. The direction of
this modulation vector in the bulk superconductoris arbitrary, but in the S/F bilayer the
preferenial direction of the modulation is determinedby the normal to the interface(z-axis).
There exist two kinds of Cooper pairs di ering with the direction of the momertum of the
electronwhosespin is parallel to the exdhange eld. The interferenceof the wave functions
for thesetwo kinds of pairs leadsto the standing wave:

F(z) = Focosgz (83)

A modi cation of this consideration for the casewhen the Cooper pair penetratesto a
ferromagnetfrom a superconductorwas proposedby Demler et al.[10d. They arguedthat

the energyof the singlet pair is biggerthan the energyof 2 electronsin the bulk ferromagnet
by the value 2h (the di erence of exchangeenergybetweenspin up and spin down electrons).
It can be compensatedif the electronsslightly changetheir momertum sothat the pair will

acquire the sametotal momerium q = 2h=v=. The value |, = vg=h called the magnetic
length is a natural length scalefor the LOFF oscillationsin a cleanferromagnet. Anyway,

equation (83) shaws that the sign of the order parameter changesin the ferromagnet. This

oscillation leadsto a seriesof interesting phenomenathat will be listed here and considered
in somedetails in next subsections.

1. Periodic transitions from 0-to  phasein the S/F/S Josephsorjunction whenvarying
thicknessd; of the ferromagneticlayer and temperature T.

2. Oscillations of the critical currert vs. df and T.
3. Oscillations of the critical temperature vs. thicknessof magnetic layer.

The penetration of the magnetizedelectronsinto superconductorsstrongly suppresseshe
superconductivity. This obviouse ect is accompaniedwith the appearanceof magnetization
in the superconductor. It penetrateson the depth of the coherencdength and is directed
opposite to magnetization of the F-layer. Another important e ect which does not have
oscillatory character and will be consideredlater is the prefererial antiparallel orientation
of the two F-layersin the S/F/S trilayer.

The descriked simple physical picture can be alsotreated in terms of the Andreevre ec-
tion at the boundaries[103]Jong known to form the in-gap bound states[93], [104. Due to
the exdhange eld the phasesof Andreevre ection in the S/F/S junction aredi erent than in
junctions S/I/S or SIN/S (with non-magneticnormal metal N). Indeed, let considera point
P inside the F-layer at a distancez from one of the interfaces[105. The pair of electrons
emitted from this point at the angle ; ( ) to the z-axiswill bere ected asa holealong
the samelines and returns to the samepoint ( gure 18). The interferenceof the Feynman
amplitudes for these4 trajectories createsan oscillating wave function of the Cooper pair.
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Figure 18: Four typesof trajectories cortributing (in the senseof Feynman'spath integral)
to the anomalouswave function of correlated quasiparticlesin the ferromagnetic region.
The solid lines correspnd to electrons,the dashedlines| to holes;the arrows indicate the
direction of the velocity. (From Fominov et al. cond-mat/0202280)

The main cortribution to the total wave function arisesfrom a small vicinity of = 0. Tak-
ing only this direction, we nd for the phases:S; = S, = qz;S3= S;= qgld  2).
Summingup all Feynman'samplitudes €S«;k = 1:::4, we nd the spatial dependenceof the
order parameter:

F / cosqds cosq(ds  2) (84)
At the interface F / (cosqgds)?. It oscillatesas a function of magnetic layer thicknesswith
the period di = =g= 2 ve=h and decgs due to the interferenceof trajectories with

di erent

In a real experimertal setup the LOFF oscillations are strongly suppressediy the elastic
impurity scattering. The trajectories are di usiv e random paths and simple geometrical
picture is not more valid. Howewer, as long as the exdiange eld h exceedsor is of the
sameorder of magnitude as the scattering rate in the ferromagnet1= ¢, the oscillations do
not disappear completely Unfortunately, the experimerts with strong magnetspossessing
large exdhange elds are not reliable since the period of oscillations goes to the atomic
scale. Two layerswith di erent thicknesswhenthey are sothin canhave di erent structural
and electronic properties. In this situation it is very di cult to ascribe unambiguously the
oscillations of propertiesto quarntum interference.

4.2 Non-monotonic behavior of the transition temp erature.

This e ect was rst predicted by Radovic et al. [63]. Its reasonis the LOFF oscillations
descriked in subsection4.1. If the transparencyof the S/F interfaceis low, one can expect
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that the order parameter in the superconductor is not strongly in uenced by the ferro-
magnet. On the other hand, the condensatewave function at the interface in the F-layer
F / (cos2d;= ,,)? becomeszeroat di = m(n + 1=2)=2 (n is an integer). At this values
of thicknessthe discortinuity of the order parameterat the boundary and together with it
the current of Cooper pairs into the ferromagnethasa maximum. Thereforeone can expect
that the transition temperature is minimal [10§. Experimertal attempts to obsene this
e ect were made many times on the S/F multilayers Nb/Gd [107, Nb/Fe [10§, V/V-F e
[109, V/F e [110. More referencesand details about theseexperimerts and their theoretical
description can be found in the cited reviews[60, 61]. Unfortunately, in these experimerts
the magneticcomponen was a strong ferromagnetand, therefore,they facedall the di cul-
ties mentioned in subsection3.3.1: the F-layer must be too thin and its variation produce
uncortrollable changesin the sample,the in uence of the growth defectsis too strong. Be-
sides,in multilayers the reasonof the non-monotonousdependenceof T, on di may be the
0 transition. Therefore, the reliable experimert should be performed with a bilayer
possessing su cien tly thick F-layer. Sud experimerts were performedrecerly [111, 112].
The ideawasto usea weak ferromagnet(the dilute ferromagaeticalloy Cu-Ni) with rather
small exdhange eld h to increasethe magneticlength |, = D;=h. They performedthe
experimerts with S/F bilayersto be surethat the non-monotonicbehavior is not originated
from the O -transition. In these experimerts the transparency of the interface was not
too small or too large, the exchange eld was of the sameorder asthe temperature and the
thicknessof the F-layer was of the sameorder of magnitude as magneticlength. Therefore,
for the quartitativ e description of the experimert theory should not be restricted by limiting
casesonly. Sud a theory was deweloped by Fominov et al.[10. In the pioneeringwork by
Radovic et al. [63] the excdhange eld was assumedo be very strong.

As always whenit goesabout critical temperature, the energygap and anomalousGreen
function F arein nitely small. Therefore one needsto solwe linearized equationsof super-
conductivity. The approad by Fominov et al. is basedon solution of the linearized Usadel
equation and is valid in the diusion limit T, 1; T, 1; ¢h 1. Namely this sit-
uation was realizedin the cited experimerts [111 117. The work by Fominov et al. [105]
coversnumerousworks by their predecessorfs6, 113,114 102 104 clarifying and improving
their methods. Thereforein the presemation of this subsectionwe follow presumably the
cited work [109 and brie y descrike speci ¢ results of other works.

The starting point is the linearized Usadel equationsfor singlet pairing for anomalous
Greenfunctions F in the superconductorand F; in the ferromagnet:

Fs . .
Ds%; "hjFs+ =0;0< z< ds: (85)
D @ész (jtnj +ihsgrt n)Ff = 0; df < z< O (86)
Thus, we accepta simpli ed modelin which = 0 in the ferromagneticlayer and h = Oin

the superconductingone. The geometryis schematically shovn in gure 19.
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Figure 19: FS bilayer. The F and S layersoccupy the regions di < z< 0and0< z < ds,
respectively.

Equations (86,85) must be complemerted with the self-consistencyequation:

Tes X (r
Nin== T —
() T n nl

Fs(! n;r). , (87)

where T is the bulk SC transition temperature, and with linearized boundary conditions
at the interface:

&z - dz 9
dF
A = Go(Fs0) Fi(0); (89)

where ¢ is the conductivity of the superconducting (ferromagnetic) layer in the normal
state; Gy, is the conductanceof the interface and A is the area of the interface. We assume
that the normal derivative of the anomalousGreenfunction is equalto zeroat the interface

with the vacuum: dE dE
f i
EJZ= de — dZSJZ: ds = 0 (90)

The condition of sohability of linear equations (85,86,87) with the boundary conditions
(88,89,90)determinesthe value of transition temperature T, for the F/S bilayer.

The solution F (! 1; 2) in the F-layer satisfying the boundary condition (90) reads:

\
u .. .
I'hj + ihsgn
Finiz) = O n) costlken(z + @) ey = © LEgt2000, (01)
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where C(! ) is the integration constart to be determined from the matching condition at
the F/S interfacez = 0. From the two boundary conditionsat z = 0 (88,89)it is possibleto
eliminate F; and dF; =dz and reducethe problemto nding the function Fs from equation
(85) and the e ective boundary condition at z = 0O:

dFs

= F;
SdZ b+Bf(!n) s

(92)

q_
where = D=2 Tes; = =5 b= (A )= sGp) and B¢ (! ) = (k¢ stanh(ksnds)) !
Sincek; , is complexthe parameterB; (! ,) and consequetty the function F is complex. The
coe cien ts of the Usadelequation (85) are real. Therefore, it is possibleto solwe it for the
real part of the function Fs traditionally denotedasF. (! ,;z) %(Fs(! nz)+ Fs( 1, 2).
The boundary condition for this function reads:

dFS
° dz

Asn( b+<Bf)+ .
Asnj b+ Btj2+ (p+ <Byg)’

= W(! n)Fs+jz=O; W(l,) =

(93)

q__
where Agn, = Kkgpdstanh(kspds) and kg = Ds. ' To derive this boundary condition we

itnj
acceptthe function ( z) to bereal (it will be justied later). Then the imaginary part of
the anomalousGreenfunction F, (! ,,; z) obeysthe homogeneous$inear di erential equation;

d’F
dzzs = kgnFS
andthe boundary condition dg; = O0atz = d. Its solutionisF, (! 1;z) = E(! ,) coshksn(z

ds)]. At the interfacez = 0 its derivative dg; Jz=0 IS equalto Ks, tanh(kspds)Fg (! n;z = 0).

Eliminating F, and its derivative from real and imaginary parts of the boundary condition
(92), we arrive at the boundary condition (93). Note that only F. participates in the self-
consistenceequation (87). This fact senesas justi cation of our assumptionon reality of
the order parameter ( z).

Simple analytic solutions of the problem are available for di erent limiting cases.Though
thesecasesare unrealistic at the current state of experimertal art, they help to understand
the propertiesof the solutionsand how do they changewhenparametersvary. Let usconsider
the caseof very thin S-layer ds s- In this casethe order parameter is almosta constart.

The solution of equation (85) in sudh a situation is FJ (! 4;2) = T3t n coshkgn(z  dg),

where , is an integration constart. From the boundary condition (93) we nd:

_ 2 W)
" (At W)

where the coe cients Ag, are the sameas in equation (93). We assumethat Kg,ds 1.
Then Asn K2, sOs = d—:(n + 1=2). The function F_ (! ,;z) almost doesnot depend on z.
The self-consistencequation reads:

Tes X wW(,)

S=
T Thon+ D) En+ 5+ W( )

(94)

In

(95)
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Figure 20: Theoretical t to the experimertal data. (From Fominov et al. cond-
mat/0202280).

The summation can be performed epr|C|tIy |n terms of digamma-functions(F):

( 11 #)
Tcs s |( b+<Bf) 1 s |—Bf

1

In == = < 1 F -+ 221 — F(=

Te  2( b+ <Bg)ds =B 2 ds b+ <Bs (2)
(96)
E’ossmleoscnlatlons are asswiated with tt&e coe cients Bs. If the magneticlength |, =
=h is much lessthan d;, then By RE o Tcs exp( Ady 4) In the opposite limiting

case di there are no oscillations of the transition temperature Note that In(Ts=T.)
canberather large  ¢=d, i.e the transition temperature in the F/S bilayer with very thin
S-layer can be exponertially suppressed.This tendencyis reducedif the resistanceof the
interfaceis large( , 1).

In amorerealistic situation consideredn the work [109 neither of parametersds= s; di = 1}
is very small or very large and an exact method of solution should be elaborated. The au-
thors proposeto separateexplicitly the oscillating part of the functions FJ (! ;z) and ( 2)
and the reminders:

cosyz  ds) . R ¢ coshgn(z  ds)

+ ' . —
Fs(tni2) = T cosqds o coshgyds (97)
_cosg(z dg) R coshgn(z  ds)
(2)= cosqds ¥ . " coshgnds (%8)

wherethe wave-vectors g and g, aswell asthe coe cien ts of the expansionmust be found
from the boundary conditions and self-consistenceequation. Equation (93) resultsin rela-
tions betweencoe cien ts of the expansion:

f TR E——— f :+: 99
"+ Dsq®” ™ jlaj DsGh (9)
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Substituting the valuesof coe cients f,;f,» from equation (99) to the boundary condition
(93), we nd anin nite systemof homogeneousinear equationsfor coe cients and ,:

gtangds  W(!.) , R On tanhgnds  W(! )

j'nj + Ds@? m=1 " i'ni Dstg

Equating the determinart of this systemD to zero,we nd a relation betweenqg and g,. It
is worthwhile to mertion a popular approximation adoptedby se\eral theorists [66,102,1049
the so-calledsingle-male approximation. In our termsit meansthat all coe cients ,,;m =
1, 2::: are zeroand only the coe cient survives. The system(100) implies that it is only
possiblewhenthe coe cien ts W (! ,) do not dependontheir argumert ! . It happensindeed
inthe limit ds=s landh T. For a morerealistic regimethe equationD = 0 must be
solved numerically together with the self-consistenceondition, which turns into a systemof
equations:

(100)

Tes 1 Dsf 1
n— = F =+ F(=
Tc 2 Te | (2)
Tes _ 1 DgCﬁ1 . 1
n = F 3 =& F(3) (101)

These systemswere truncated and solved with all data extracted from the experimertal
setup usedby Ryazanw et al. [119. The only 2 tting parameterswere h = 13K and
p= 0:3.

Figure 20 demonstratesrather good agreemeh betweentheory and experimert. Various
typesof the curves T.(d; ) are shovn in gure 21. Note that the minimum on thesecurves
ewertually turns into a plateau at T, = O, the reertrant phasetransition into the super-
conducting state. Someof the curves have a well-pronounceddiscortinuity, which can be
treated as the rst order phasetransition. The possibility of the rst order transition to
superconductingstate in the F/S bilayer was rst indicated by Radovic et al. [63].

4.3 Josephson eect in S/F/S junctions

As we already mertioned the exciange eld producesoscillations of the order parameter
inside the F-layer. This e ect in turn can changethe sign of the Josephsoncurrent in
the S/F/S junction comparedto the standard S/I/S or S/N/S junctions. As a result the
relative phaseof the S-layersin the ground state is equalto  (the so-called -junction).
In the closedsuperconducting loop with sud a junction spontaneous magnetic ux and
spontaneouscurrent appear in the ground state. Thesephenomenawere rst predicted by
Bulaevsky et al. [55]for -junction independerly on the way of its realization. Buzdin et
al. [56] have rst arguedthat sud a situation can be realizedin the S/F/S junction at a
proper choiceof its length. Ryazanw et al. [57, 58] have realizedsud a situation employing
the weak ferromagnetCuyNi; 4 asa ferromagneticlayer. A similar approad was used by
Kontos et al. [59], who useda diluted alloy PdNi. The weaknessof excdhange eld allowed
them to drive the oscillationsand in particular the 0- transition by the temperature at a
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Figure 21: Theoretical t to the experimertal data. (From Fominov et al. cond-
mat/0202280).

xed magnetic eld. The succes®f this experimert have generatedan extendedliterature.
The theoretical and experimertal study of this and related phenomenastill are active. In
what follows we presen a brief description of relevant theoretical ideasand the experimerts.

4.3.1 Simplied approach and experiment

Here we presen a simpli ed picture of the S/F/S junction basedon the following assump-

tions:

i)The transparencyof the S/F interfacesis small. Thereforethe anomalousGreen function

in the F-layer is small and it is possibleto usethe linearized Usadelequation.

i) The energygap inside ea of the S-layersis constart and equalto e = 2 (the sign
relatesto the left S-layer, + to the right one).

iii) = 0in the F-layer and h = 0 in the S-layers.

The geometry of the systemis showvn in gure (19). From the secondassumptionit follows

that the anomalousGreenfunction F is alsoconstan within ead of S-layers: F = p——

j! nj2+ g

The linearized Usadelequationin the F-layer (86) has a following generalsolution:

F(ln;z) = ,efmZz+ e kinZ: (102)
where Y
——
ko =t 1200 +[')hsg” n (103)
f

(compare equation (91)). The boundary condition at the two interfacesfollows from the
secondboundary condition of the previoussection(89) in which F; is neglected:

dFs

— L= F 104
de bs (0)
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The coe cients ,, and , are completelydeterminedby the boundary conditions (104):

COS(I iszndf)
- 7 1
" Qn sinh (ks ,df) (105)
Coql +ik2fndf )
= - 2z 7 1
" Qn sinh (ks 0k ) (106)
whereQ, = ” .DJF" S Equation (34) for the electric current must be slightly modi ed
b fKfn tn)ct
to incorporate the exmang(;a eld h:
X
j=ie TNO)D (F& F&); (107)

n

whereF (! ,;z) = F ( !,;2). Note that at this transformation the wave vectorsks, remain
invariant. After substitution of the solution (102)we nd that j = j.sin' with the following
expressionfor the critical current [114 115 57):

2 3
2 X
2T 04 (124 Pkndrsinh(kiad) 5 (108)
eRy b 1h>0

Jc=

whereRy is the normal resistanceof the ferromagneticlayer and 4 is the dimensionlesga-
rameter characterizingthe ratio of the interfaceresistanceto that of the F-layer. Kupriy anov
and Lukichev [85] have found the relationship between |, and the the barrier transmission
coe cient Dy( ) ( isthe anglebetweenthe electronvelocity and the normal to the interface):

_ 2l ,cos Dy( ).

=™ oy (109)

b

As we explained earlie&, the oscillations appear sincek;,, are complexvalues. If h 2 T

I'n,then ki, (1+1) ;T‘T and oscillations are driven only by the thickness. It was very
important to use a weak ferromagnetwith exdiange eld h comparableto T. Then the
temperature alsodrivesthe oscillations. In the Cu-Ni alloys usedin the experimert [57]the
Curie point T,, was between 20 and 50K. Newertheless,the ratio h= T wasin the range of
10 ewven for the lowest T,,. In this situation ki, doesnot depend on n for the large number

of terms in the sum (108). Ehis is the reasonwhy the sum in total is periodic function of

d: with the period = 2D =h. The dependenceon temperature is generally weak.
Howe\er, if the thicknessis closeto the value at which j. turns into zeroat T = 0, the
variation of temperature can changethe sign of j ..

In gure (22b) theoretical curvesj.(T) from cited work [105]are comparedwith the ex-
perimertal data by Ryazanw et al. [57, 76]. The curvesare plots of the modulus of j. vs
T. Therefore,the changeof sign of j . is seenasa cuspon sud a curve. At temperature of
the cusp the transition from 0- to -state of the junction proceeds. The changeof sign is
clearly seenon the curve correspnding to di = 27nm. The experimertal S/F/S junction
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Figure 22: (Upper) Sdhematic cross-sectiorof the sample. (Lower) Left : critical currert Ic as
function of temperature for Cug.4gNig:5» junctions with di er- ent F-layer thicknessedetween
23 nm and 27 nm asindicated. Right : model calculationsof the tem- perature dependence
of the critical current in an SFSjunction. (From Ryazanw et al. cond-mat/0008364)
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Figure 23: Josephsorcoupling asa function of thicknessof the PdNi layer (full circles). The
critical currernt cancelsout at d= ' 65 A indicating the transition from "0" to " "-coupling.
The full line is the best t obtained from the theory as descriked in the text. Insert shows
typical I-V characteristics of two junctions with (full circles), and without (empty circles)
PdNi layer. (From Kontos et al. cond-mat/0201104).
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is sthematically shovn in gure (22a). The details of the experimert are descriked in orig-
inal paper [57] and in reviews[76, 60]. Not lessimpressive agreemeh betweentheory and
experimert is readed by Kontos et al. [59] (theory was given by T. Kontos) (see gure 23).
Very good agreemeh with the sameexperimert wasreadedin a recen theoretical work
by Buzdin and Baladie [11§ who solved the Eilenbergerequation.
Zyuzin et al. [117]have found that in a dirty samplethe amplitude of the Josephsorcurrent
J c iIs arandomvalue with aninde nite sign. They estimatedthe avepgesquare uctuations
of this amplitude for the interval of the F-layer thickness < df < D=T as:
| |
. I, b, 2
8 N (0)Dy 2 2Td?

whereA is the areaof interfaceand g is its conductanceper unit area.the uctuations are
signi cant whend; becomessmallerthan the di usiv e thermal length D=T.

H2i=A2 (110)

4.3.2 Josephson e ect in a clean system

In arecert work by Radovic et al [118]consideredhe samee ect in a cleanS/F/S trilayer. A
similar, but somewhatdi erent in details approat was dewveloped by Halterman and Olives
[119. The motivation for this considerationis the simplicity of the model and very clear
represemation of the solution. Though in the existing experimertal systemsthe oscillations
are not disguisedby impurity scattering, it is usefulto have an idea what maximal e ect
could be reathed and what role plays the nite transparencyof the interface. The authors
employed the simplestversion of theory, Bogolyubov-DeGennesequations:
| |

L (111)
% v
where means  and the e ective Hamiltonian reads:
!
_Ho(r)  h(r) (r) :
i = () Ho+ h(r) (112)
Ho(r) = h—zr 2+ W(r) (113)
T 2m
In the last equation is the chemical potential and W (r) is the barrier potertial:
W(r)=WJ[ (z+d=2)+ (z d=2)]: (114)

The assumptionabout exchange eld h(r) and the order parameter ( r) are the sameas
in the previous subsubsection.We additionally assumethat the left and right S-layers are
identical and semi-in nite extendingfrom z = 1 to z = d=2 and from z = d=2 to
z = 1 . Due to translational invariancein the (x; y)-plane the dependenceof the solution
on the lateral coordinatesis a plane wave:

|

vy =€(2 (115)
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There are 8 fundamertal solutions of these equationscorrespnding to the injection of the
guasiparticle or quasiholefrom the left or from the right with spin up or down. We will
write explicitly oneofthem (z), correspndingto the injection of the quasiparticlefrom the
right. In the superconductingareaz < d=2we will seethe incident quasiparticlewave with
the coe cient 1 andthe normal wave vectork*, the re ected quasiparticlewith the re ection
coe cient b" and the normal wave vector k™ ; the re ected quasihole(Andreev re ection)
with the re ection coe cient a; cc’];lnd the wave vectork , where(k )2 = 23(Er )2 kg

Er isthe Fermienergyand = E?2 | j2. Thusthe solution 4(z) atz< d=2reads:
! !

: ve =2
+ ale|k Z) uei': 2

ue =2

()= (7 + e )

(116)

whereu andv arethe bulk Bogolyubov-Valatin coe cients: u = ; 1+ =E)=2,v= | a1 =E)=2
In the F-layer d=2 < z < d=2 there appear transmitted and re ected electron and trans-
mitted and re ected hole. Sinceaccordingto our assumption = 0 in the F-layer, thereis
no mixing of the electronand hole. With this explanation we can write directly the solution
1(2) in the F-layer:
| |

ey O

1

1(2) = (C1€972 + C,7"2) 0

(117)

q
whereq = 2F@(EfF + h E) k2 Finally in the right S-layer z > d=2 only the trans-
mitted quasiparticle and quasiholepropagate:
! o)
+die k2 ve'= 2

ik*z ueiI: 2
i ue i'= 2

1(2) = o€ ve = 2 (118)

The value of all coe cien ts can be establishedby matching of solutions at the interfaces:

d d d . d . _2mw
( > 0)= ( §+O), EJ d+0 EJ%O_ hi

Other fundamertal solutions can be found by symmetry relations:
(' )=a( ')as= ayas= a;h=bh = by (120)

whereindex 2 relatesto the holeincidernt from the left, indices3,4 relate to the electronand
holeincidert from the right. Each mode generateshe current independenly on others. The
critical currert reads:

(119)

|
e T X ki+k, am anm
=i Tn % Fn Zn 121
Je= 17 Lok 2 kt kK, (121)

Hereall the valueswith the index n meanfunctions of e@ergyE denotedby the samesymbols
in which E is substituted by i! ,, for example , =i 2+ 2. We will not demonstrate
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here straightforward, but somewhatcumbersomecalculations and transit to conclusions.
The critical current displays oscillations originated from two di erent types of the bound
states. One of them appearsif the barrier transmission coe cient is small. This is the

geometricalresonance.The superconductivity is irrelevant for it. Another oneappearseven
in the caseof ideal transmission: this is the resonancedue to the Andreev re ection. When
the transmissioncoe cien t is not smalland not closeto 1, it is not easyto separatethesetwo
type of resonancesndthe oscillationspicture becomesather chaotic. The LOFF oscillations
are better seenwhen transmissioncoe cient is closeto 1 since geometricalresonancesio
not interfere. Varying the thickness, one obsenes periodic transitions from 0 to -state
with the period equalto (=2 = 2 vg=h. The lowest value of d at which 0 -transition

takesplaceis approximately ¢=4. The temperature changesthis picture only slightly, but

near the thicknesscorresmpnding the 0 -transition the non-monotonicbehavior of j . vs.
temperature including temperature driven0  -transition can be found.

An intermediate casebetweenthe di usion and cleanlimits wasconsiderecby Bergeretet al.

[120. They assumedhat the F-layer is socleanthat h ¢ 1, whereasT, s 1. Therefore
Usadelequationis not valid for the F-layer and they solved the Eilenbergerequation. They
have found that the superconductingcondensateoscillatesas function of the thicknesswith

period : and penetratesinto the F-layer over the depth equalto the electron mean free
path I;. The period of oscillations of the critical currert is ¢=2. No qualitativ e di erences
with consideredcasesappear unlessthe magnetization is inhomogeneous.Even very small
inhomogeneiy can completely suppressthe 0  -transitions. This is a consequencef the
generationof the triplet pairing, which will be consideredater.

4.3.3 Half-in teger Shapiro steps at the 0 transition

Recerly Sellieret al. [121]have reported the obsenation of the Shapirostepsat the voltage
equal to half-integer of the standard valuesV,, = nh! =2e, where ! is the frequency of
the applied ac currert. Let us remind that the standard (integer) Shapiro steps appear
as a consequencef the resonancebetween the external ac eld and the time-dependert
JosephsorenergyE; = gd%cos' (t) wherethe phaseis proportional to time dueto external
permanen voltage through the contact: ' (t) = 2eVt=h. Justin the O transition point
jc turns into zero. Then the next term in the Fourier-expansionof the Josephsonenergy
proportional to cog2' ) dominates. That meansthat the Josephsorcurrent is proportional
to sin(2' ). Sud aterm leadsto the Shapirostepsnot only at integer, but alsoat half-integer
valuessincethe resonancenow happensat (4eV=h) = ! . Normally the term with sin(2' ) is
so small that it was always assumedto vanish completely The resonancehf method used
by the authors had su cient sensitivity to discover this term.

The authors preparedthe Nb=Cus,Nisg=Nb junction by the photolitography method. Curie
temperature of the F-layer is 20K. The 2 samplesthey used had the thicknessesl7 and
19 nm. The O transition was driven by temperature. The transition temperature in
the rst and secondsamplewere 1.12and 5.36K, respectively. The external ac current had
the frequency! = 800 kHz and amplitude about 18 A. The voltage current curves for
dr = 17nm and temperatures closeto 1.12 K are shovn in gure (24). The fact that the
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Figure 24: Shapiro stepsin the voltage-currert curve of a 17 nm thick junction with an
excitation at 800 kHz (amplitude about 18 A). Half-integer steps (n=1/2 and n=3/2)
appear at the 0{ crosswoer temperature T . Curvesat 1.10and 1.07 K are shifted by 10
and 20 A for clarity. (From Sellier et al. cond-mat/0406236).

half-integer stepsdisappear at very small deviation from the transition temperature proves
cornvincingly that it is assaiated with the 0 transition.

4.3.4 Spontaneous current and ux in a closed loop

Bulaevsky et al. [55] argued that a closedloop cortaining the -junction may carry a
spontaneouscurrent and ux in the ground state. Below we reproducetheir argumerts. The
energyof the closedsuperconductingloop dependson the total ux  through the loop:

h , 22
E() = %Jccos + 3 22 2I_Cz;

where' = 2—0 J. is the critical current and L is the inductance of the loop. The rst
term in equation (122) is the Josephsorenergy the secondis the energyof magnetic eld.
The location of the energy minimum depends on the the parameterk = ;5. If k'is
positive, there is only one minimum at ' = 0. If k < 1, the only minimum is located
againat' = 0. If 1< k < 0, the minimum is located at the nonzeroroot of equation
sin'=" = jkj; the value' = 0 correspndsto a maximum of energy Thus, the spontaneous
ux appearsat su ciently largeinductanceof the loop. It is possibleto avoid this limitation
measuringthe dependenceof the current insidethe loop on the external ux through it [58].
They usedtriangular bridge array with -junctions in ead shoulder(seeFigs. 25). Due

to the certral -junction the phasesof the currert in two sub-loops of the bridge di er by
. Thereforethe critical current betweenthe two corntacts of the bridge is equalto zeroin
the absenceof magnetic eld. If the ux inside the loop reades half of ux quartum, it
compensatesthe indicated phasedi erence and the currerts from both sub-loopsarein the
samephase. Thus, the shift of the current maximum from = 0to = (=2 isthe direct
evidenceof the O transition. Sud experimertal evidencewas rst obtainedin the same

work [57].

(122)
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Figure 25: Real (upper) and schematic (low) picture of the network of v e SFSjunctions
Nb CugsNigss Nb(de = 19 nm), which was usedin the phase-sensitig experimert.
(From From Ryazanw et al. cond-mat/0103240).
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Figure 26: Magnetic eld dependencesof the critical transport current for the structure
depictedin gure 25 at temperature above (a) and below (b) T.,. (From From Ryazanw et
al. cond-mat/0103240).

The graphs of the current vs magnetic eld for two di erent temperatures ( gure 26)
clearly demonstratesthe shift of the current maximum from zeroto non-zeromagnetic eld.
The next graph gure 27 shows the shift of the ux through the loop 0 to 1/2 of the ux
guantum at the temperature driven 0 transition.

4.4 F/S/IF junctions

The trilayersF/N/F (N is normal non-magneticmetal) have attracted much attention start-
ing from the discovery by Grunberg [122] of the Giant Magnetoresistancdf GMR). The di-
rection of magnetization of ferromagneticlayers in these systemsmay be either parallel or
antiparallel in the ground state oscillating with the thicknessof the normal layer on the scale
of few nanometers. The mutual orientation can be changedfrom antiparallel to parallel by
a rather weak magnetic eld. Simultaneously the resistancechangesby the relative value
reading 50%. This phenomenorhasalreadyobtainedatechnologicalapplication in the mag-
netic transistors and valvesusedin computers[123. A natural questionis what happensif
the certral layer is superconducting: will it producethe spin-valve e ect (a prefererial mu-
tual orientation of F-layers magnetization) and how doesit depend on thicknesseof S and
F-layers? This questionwas consideredtheoretically by seweral authors [64, 65, 66, 86, 124].
Recerly the spin-valve e ect was experimertally obsened by Tagirov et al. [125.

Evenwithout calculationsit is clearthat, independerly on the thicknesse®of Sand F layers,
the artiparallel orientation of magnetizationsin F-layers has always lower energythan the
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Figure 27: (a) Temperature dependenceof the critical transport currert for the structure
depictedin gure 25in the absenceof magnetic eld; (b) temperature dependence(jump)
of the position of the maximal peakon the curvesl,(H), correspnding to the two limiting
temperaturesdepictedin gure 26. (From From Ryazanw et al. cond-mat/0103240).
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parallel one. It happens becausethe exchange eld always suppressesuperconductivity.
When the elds from di erent layers are parallel, they enhancethis e ect and increasethe
energy and vice versa. The e ect strongly dependson the interfacestransparency If it is
very small, the e ect is weak. In the caseof almost ideally transparen interfacesthe ma-
jority electronswith the prefererial spin orientation can not penetrate from the F-layer to
the S-layer deeper than to the coherencdength 5. Therefore,it is reasonableto work with
the S-layer whosethicknessdoesnot exceed s. The choice of the material and thicknessof
F-layersis dictated by the requiremen that they could be reorierted by su ciently weak
magnetic eld. Thus, the coercive force must be small enough. We refer the readerto the
original works for quartitativ e details.

An alternative approad is to study the thermodynamicsof the F/S/F trilayerat a xed mu-
tual orientation of magneticmomerts. Sud a study was performedby Baladie and Buzdin
[124 for the caseof very thin superconducting layer ds s- They consideredFs almost
as a constart, but incorporated small linear and quadratic deviations and solwed the lin-
earizedUsadel equation as it was shovn in subsection4.2to nd the critical temperature
vs. thicknessof the ferromagneticlayers. They have found that at large , (low interface
transparency) the transition temperature monotonically decreaseswith d; increasingfrom
its value in the absenceof the F-layersto somesaturation value and there is no substartial
di erence betweenparallel and antiparallel orientations. At smallervaluesof | the suppres-
sion of T, increasesand at parallel orientation the reertrant transition occurs at ds i,
but still the transition temperature saturatesat larged; . At , smallerthan a critical value
the transition temperature becomeszero at a nite thicknessd; for both parallel and an-
tiparallel orientation. The authors also have found someevidencesthat at low , the SC
transition becomeddiscortinuousfor the parallel orientation. This conclusionwas con rmed
by a recen theoretical study by Tollis [126], who has proved that the SC transition for the
antiparallel orientation is always of the secondorder, whereasfor the parallel oriertation it
becomesof the rst order for small [126]. Baladie and Buzdin [124] have consideredalso
the energygap at low temperature. For the caseof thick ferromagneticlayers d ¢ they
have found that the energygapis the monotonically decreasingunction of the dimensionless
collision frequency( ¢ o) !, where g is the value of the energygapin the absenceof the
ferromagneticlayers. It turns into zeroat ( ¢ o) ! = 0:25for the parallel and 0.175for the
antiparallel orientation.

4.5 Triplet pairing

If the direction of the magnetization in F-layer is inhomogeneousdue to a domain wall
or arti cially , the singlet Cooper pairs penetrating into the F- from S-layer will be partly
transformed into the triplet pairs. This e ect was rst predicted by Kadigrobov et al. [67]
and by Bergeretet al. [68]. The triplet pair§r cannot penetrate to the superconductorsover
the length larger than magneticlengthl,, = D¢ =h (or vg =h for the cleanferromagnet),but
in the ferromagnetthey are neither exdhangeinteraction nor the elasticacattering suppresses
them. Therefore,they can penetrate over much longerdistance 1+ = D;=T. Evenif the
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triplet pairing is weak, it provides the long-range coupling between two superconducting
layers in a S/F/S junction. Moreover, if the thicknessd; exceedsl,, signicantly, only
triplet pairs survive at distancesmuch larger than |, completely changing the symmetry
properties of the superconductingcondensate.

The exchange eld rotating in they z-planeis naturally descriked by the operator in the
spin spacefi = h(*3cos + ",sin ), whereh is a scalar function of coordinates, A, and
73 are the Pauli matrices and the angle is a function of coordinates. It is clear that the
non-diagonalpart of h ips oneof spinsof the pair transforming the singletinto the triplet.

It doesnot appear if the magnetizationis collinear ( = 0). To make things more explicit,
let considerthe Usadelequationin the F-layer, i.e. equation (38) of the Section(2). First
we simplify them by linearization, which is valid if either the transparencyof the interface
barrier is small [83]. Then the condensateGreentensorf in F-layer is small. The linearized
Usadelequation reads:

pr@f ., ., . o
%% jjf +ih ~fAgf cos + 5[, f]sin g = 0; (123)
where f A; Bg meansthe anticommutator of operators A and B. If = const, equations
(123) have an exponertial solution f = €*f,. The secularequation for k is:
" #
2 22 2 2\2 2h — N
(k= kMH)° (k* ki) +D— =0; (124)
f

wherek? = 2j! j=D;. Note that the secularequation doesnot depend on . It is a conse-
guenceof rotational invarianceof the exdhangeinteraction. At = 0 the two-fold eigervalue
k? = k? correspndsto f 1., (triplet pairing with projection 1 onto the magnetic eld). Since
I, is proportional to T, thesemodesare long-range. Two other modes have wave vectors
k = k, and k = k;,, wherek2 = 2(j! j+ ihsign )=D;. They penetratenot deeger than on the
magneticlength. Theseshort-rangemodesare linear conmbinations of the singlet and triplet

with spin projection zero,i.e. orthogonalto the magnetic eld.

Bergeretet al. consideredtwo di erent geometries.In the rst one[68 they consideredS/F

bilayer. The angle wasa linear function of coordinate starting from 0 at the S/F interface,
reading avalue ,, at the distancew from the interfaceand remaining constan at larger dis-
tances. They have solved the linearized Usadelequation (123) with the boundary condition

f ddizf = ,Fs proper at small transparency of the interface by a clever unitary transforma-

tion f I O(2)f [0(2)] * with O(z) = exp(iQ”1z=2) and Q = & = . This transformation
turns the rotating magnetic eld into the constart one,directed along z-axis, but di erential

term generatesperturbations proportional to Q and Q2. By this trick the initial equations
with the coordinate dependent h(z) is transformed into an ordinary di erential equation
with constarnt (operator) coe cients. The generationof the triplet componert is weakif
is large and it acquiresan additional small factor if the ratio ;=w is small (w mimics the
domain wall width), but, aswe have demonstrated,this componen hasa large penetration
depth. Experimenrtally it could produce a strong enhancemenh of the F-layer conductivity.

Sud an enhancemenwas obsened in the experimert by Petrashos et al.[127 in 1999,two
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Figure 28: 6-layer structure.

years afore the theoretical works. They studied an F/S bilayer made from 40nm thick Ni
and 55nmthick Al Ims. The interface was about 100x100nn. The sampleswere prepared
by e-beam lithography. They measuredthe resistivity and the barrier resistancedirectly.
They have found also the di usion coe cients Dg = 100cm?=s and D = 10cm?=s, which
we cite hereto give an idea about the order of magnitudes. They have found a large drop
of the resistanceof the sample,which could not be explainedby the existing singlet pairing
medanism. We are not aware about the detailed comparisonof the theory [68] and the
experimert [127]. One more evidenceof long range penetration of the superconducting or-
der parameter through the ferromagnetwas reported in [12§. The authors measuredthe
resistanceof 0.5m Ni loop connectedwith superconducting Al wire. They extracted the
decy length for proximity e ect in ferromagnetfrom di erential resistanceand concluded
that it is much larger than it could be expectedfor singlet pairing.

In their secondwork on the triplet pairing [83]the authors have proposedan interesting
6-layer structure presened in gure 28. The assumethat the magnetizationin ead layer is
constart, but its direction is di erent in di erent layers. It is supposedto lay in they z-
plane and thus it can characterizedby one angle. Let this angleis in the layer Fq, 0in
the layer F, and in the layer F3. They speakabout the positive chirality if the signis +
and negatiwve chirality if the signis . They prove that, if the thicknessof F-layersis larger
than |, the superconductinglayers S, and Sg are connectedby O-junction if the chirality is
positive and by -junction if the chirality is negative. This phenomenoris completelydueto
the triplet pairing sinceit dominateson this distance. Kulic and Kulic [129]consideredtwo
bulk magneticsuperconductorswith rotating magnetizationseparatedby aninsulating layer.
They also have found that the sign of the Josephsorcurrert can be negative depending on
the relative chirality. In this systemsinglet and triplet pairs coexist in the bulk, whereasin
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the systemproposedby Bergeretet al. the triplet dominates. We will give a brief description
how did they derive their results. They solved the Usadelequationin ead layer separately
(it can be donewithout linearization, sincethe coe cien ts of the di erential equationsare
constart) and match these solutions using the Kupriy anov-Lukichev boundary conditions.
The current density in the F, layer can be calculated using the modi ed Eilenberger-Usadel

expression: |
i = (Tr B» 0 (125)
)= o dz

The maximal e ect is readhed when magnetic momen of the certral layer is perpendicular
to two others.

5 Conclusions

This short review shavs that though the studies of Ferromagnet-Sugrconductor Hybrids
are comingof age,we are at the beginningof interesting voyageinto this emerging eld. The
most active dewvelopmen undoubtedly take placein the eld of proximity basedphenomena
in layered ferromagnet-sugrconductor systems. The strong point of this thrust is fruitful
collaboration between experimert and theory. This progresswas acieved due to a new
idea due to Ryazanw and coworkersto usethe weak ferromagnetsin th experimert. This
idea allowed to increasethe thicknessof ferromagnetic layers to a macrosopicscale and
simultaneously allowing to drive the non-monotonousbehavior of the Josephsorcurrent by
temperature. On this way experimerters have reliably found se\eral interesting phenomena
predicted many yearsago,as0 -transition and oscillationsof critical temperature vs. the
thicknessof the F-layer and also somenew phenomenaasthe valve e ect in F/S/F junction
and the Shapiro stepsat half- integer frequencies.

The experimertal studiesof ordering/transport in FSH have greatly bene ted with intro-
duction ofimagingtechnique (SHPM,MFM) in the eld. Weexpectthat se\eral experimental
groupswill getaccesgo this technique in the near future which will result in more exciting
experimerts. The theoretical and experimertal studies of ordering/transport in FSH have
surprisingly little overlap, esgecially in comparisonwith studiesof proximity basedphenom-
ena. The materials usedin the experimert are far from being regular, whereasthe theorist
sofar preferredsimple problemswith regular, homogeneousr periodical systems.Even the
simplestideaabout topologicalinstability in the S/F-bilayer wasnot chedked experimertally.
It would be very instructive to nd experimertally the phasediagram of a single magnetic
dot using the SQUID magnetometeror the MFM. Finally the transport properties of the
S/F- bilayer and the S- Ims suppliedwith regular or randomly magnetizedarrays of F-dots
should be measured. On the other hand the experimert dictates new problemsfor theory:
a description of random set of strongly pinned domain walls, their magnetic eld and its
e ect onthe S-Ims. We think that both experimertal and theoretical comnunities can nd
systemsof commoninterests. Another possibility for interesting developmer in the FSH
eld we expect with introduction of newtypesof FSH, e.g. arrays of magnetic nanowiresin
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alumina templates, covered with superconducting Im. Sud arrays provides alternative to
magneticdots sourceof alternating magnetic eld of high strength and short scalevariation.
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