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Abstract

A new classof phenomenadiscussedin this review is basedon interaction between
spatially separated,but closely located ferromagnetsand superconductors. They are
called Ferromagnet-Superconductor Hybrids (FSH). These systems include coupled
smooth and textured Ferromagnetic and Superconducting �lms, magnetic dots, wires
etc. The interaction may be provided by the magnetic 
ux from magnetic textures and
supercurrents. The magnetic 
ux from magnetic textures or topologicaldefectscan pin
vortices or create them, changing drastically the properties of the superconductor. On
the other hand, the magnetic �eld from supercurrents (vortices) strongly interacts with
the magnetic subsystem leading to formation of coupled magnetic-superconducting
topological defects. We discusspossibleexperimental realization of the FSH. The pres-
enceof ferromagnetic layer can change dramatically the properties of the supercon-
ducting �lm due to proximit y e�ect. We discussexperimental and theoretical studies
of the proximit y e�ect in the FSH including transition temperature, order parameter
oscillations and triplet superconductivity.
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1 In tro duction

In this review we discussa new avenue in solid state physics: studiesof physical phenomena
which appear when two mutually exclusive states of matter, superconductivity and ferro-
magnetism,are combined in an uni�ed Ferromagnet-SuperconductorHybrid (FSH) system.
In the hybrid systemsfabricated from materials with di�erent and even mutually exclusive
properties, a strong mutual interaction betweensubsystemscan dramatically changeprop-
erties of the constituent materials. This approach o�ers vast opportunities for scienceand
technology. The interplay of superconductivity and ferromagnetismhas been thoroughly
studied experimentally and theoretically [1, 2] for homogeneoussystems. In such systems,
both order parametersare homogeneousin spaceand suppresseach other. As a result, one
or both the orderingsare weak. A natural way to avoid the mutual suppressionof the order
parameterof the superconducting(S) and ferromagnetic(F) subsystemsis to separatethem
by a thin but impenetrableinsulator �lm. In such systemsthe S and F subsystemsinteract
via magnetic �eld induced by the nonuniform magnetization of the F textures penetrating
into the superconductor. If this �eld is strong enough, it can generatevortices in the su-
perconductor. The textures can be either arti�cial (dots, wires) or topological like Domain
Walls (DW). The inversee�ect is also important: the S currents generatemagnetic �eld
interacting with the magnetization in F subsystem.

First experimental works on FSH were focusedon pinning properties of magnetic dot
arrays coveredby a thin superconducting�lm [3, 4, 5, 6, 7]. The e�ect of commensurability
on the transport propertieswasreported in [3, 4, 5, 6]. This e�ect is not speci�c for magnets
interacting with superconductorsand was �rst observed in textured superconducting �lms.
First experiments with such �lms wereperformedin seventies. In theseexperiments the pe-
riodicity of the vortex lattice �xed by external magnetic �eld competed with the periodicity
of an arti�cial array createdby experimenters. Martinoli et al. [8, 9, 10] usedgroovesand
Hebard et al. [11, 12] usedarrays of holes. This approach was further developed by exper-
imentalists in nineties [13]-[19]. Theoretical analysiswas also performedin the last century
[20, 21, 22]. First observation of the dependenceof vortex pinning by magnetic dots array
on the magnetic �eld direction was presented by Morgan and Ketterson [7]. This was �rst
direct indication of newphysicsin FSH. New insight into the FSH physicshasbeenprovided
by Magnetic Force Microscope (MFM) and ScanningHall Probe Microscope (SHPM). By
using such imaging technique the group at the University of Leuven has elucidated several
pinning mechanismsin FSH [23]-[25].

Di�eren t mesoscopicmagneto-superconductingsystemswere proposedand studied the-
oretically: arrays of magnetic dots on the top of a SC �lm [26, 27, 28, 29], Ferromagnet-
SuperconductorBilayer (FSB) [28, 30, 31, 32, 33, 34], embeddedmagnetic nanowires com-
bined with bulk superconductor[35, 36] or superconductor�lm [37, 38], a layer of magnetic
dipolesbetweentwo bulk superconductors[39], an array of magneticdipolesmimicking the
FM dots on SC �lm [40], \giant" magnetic dot which generatesseveral vortices in bulk su-
perconductor [41], singlemagnetic dots on a thin superconducting �lm [42, 43, 44, 45, 46],
thick magnetic�lm combined with thick [47, 48,49, 50]or thin superconducting�lm [51, 52].

The characteristic scalescaleof the magnetic�eld and current variation in all mentioned
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systemssigni�cantly exceedsthe coherencelength � . It meansthat they can be considered
in London approximation with good precision. In the next sectionwe derive basicequations
describingFSH. Starting from London-Maxwell equations,we derive a variational principle
(energy)containing only the valuesinsideeither Sor F components. Theseequationsallowed
us to study single magnetic dots coupled with superconducting �lm (Sec. 3.1) as well as
arrays of such dots (Section 3.2). The simplest possibleFSH system - sandwich formed
by Ferromagneticand Superconductinglayers,divided by ultrathin insulating �lm ( FSB),-
can demonstrate unusual behavior: spontaneous formation of coupled system of vortices
and magneticdomains. Thesephenomenaare discussedin Section3.3. We alsodiscussthe
in
uence of the thick magnetic �lm on the bulk superconductor.

An alternativeapproach to heterogeneousSC/FM systemsis just to employ the proximit y
e�ects instead of avoiding them. The exchange�eld existing in the ferromagnetsplits the
Fermi spheresfor up and down spins. Thus, the Cooper pair acquiresa non-zero total
momentum and its wave function oscillatesin space. This e�ect �rst predicted by Larkin
and Ovchinnikov [53] and by Ferrel and Fulde [54] will be cited further as LOFF e�ect.
One of its manifestation is the change of sign of the Cooper pair tunneling amplitude in
space. At someconditions the Josephsoncurrent through a superconductor-ferromagnet-
superconductor(S/F/S) junction hassign opposite to sin' , where' is the phasedi�erence
between right and left superconducting layers. This type of junctions was �rst proposed
theoretically long time agoby Bulaevskyet al. [55], [56] and wascalled� -junction in contrast
to standard or 0-junction. It was �rst reliably realizedin the experiment by Ryazanov and
coworkers in 2001[57, 58] and a little later by Kontos et al. [59]. The experimental �ndings
of thesegroups have generatedan extended literature. A large exhausting review on this
topic was published in the beginning of 2002[60]. A more special survey was published at
the sametime by Garifullin [61]. We are not going to repeat what was already donein this
reviewsand will focuspresumablyon works which appearedafter its publication. Only basic
notions and ideasnecessaryfor understandingwill be extracted from previousworks.

Most of the proximit y phenomenapredicted theoretically and found experimentally are
basedon the oscillatory behavior of the Cooper pair wave function. These are the oscil-
lations of the transition temperature (�rst predicted in [62, 63]), and the critical current
vs. the thicknessof ferromagneticlayer which are seenas oscillatory transitions from 0- to
� -junctions [56]. Other proximit y e�ects besidesthe usual suppressionof the order parame-
ters include the preferential antiparallel orientation of the F-layers in a F/S/F trila yer, the
so-calledspin-valve e�ect [64, 65, 66].

More recently a newideawasproposedby Kadigrobov et al. [67] and by Bergeret,Efetov
and Volkov [68]: they have predicted that the magnetization varying its direction in space
transforms singlet Cooper pairs into triplet ones. The triplet pairing is not suppressedby
the exchange�eld and can propagatein the ferromagneton large distancesthus providing
the long-rangeproximit y betweensuperconductorsin S/F/S junctions.

The proximit y e�ects may have technologicalapplicationsaselements of high-speedmag-
netic electronicsbasedon the spin valve action [66] and also as elements of quantum com-
puters [69]. Purely magnetic interaction between ferromagneticand superconducting sub-
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systemscan also be used to design magnetic �eld controlled superconducting devices. A
magnetic �eld controlled Josephsoninterferometer in a thin magneticF/S bilayer has been
demonstratedby Eom and Johnson[70].

In the next Sectionwe derive basic equations. Third Section is focusedon phenomena
in FSH which are basedon only magnetic interaction betweenferromagneticand supercon-
ducting subsystem.Recent results on proximit y basedphenomenain bi- and tri-la yer FSH
are presented in the last Section.

2 Basic Equations

In the proposedandexperimentally realizedFSH a magnetictexture interactswith the super-
current. First we assumethat ferromagneticand superconductingsubsystemsare separated
by thin insulating layer which prevents proximit y e�ect, focusing on magnetic interaction
only. Inhomogeneousmagnetizationgeneratesmagnetic�eld outsidethe ferromagnets.This
magnetic �eld generatesscreeningcurrents in superconductorswhich, in turn, change the
magnetic �eld. The problem must be solved self-consistently. The calculation of the vor-
tex and magnetizationarrangement for interacting, spatially separatedsuperconductorsand
ferromagnetsis basedon the static London-Maxwell equationsand corresponding energy.
This description includespossiblesuperconductingvortices. Londonsapproximation works
satisfactorysincethe sizesof all structures in the problem exceedsigni�cantly the coherence
length � . We remind that in the Londonsapproximation the modulus of the order parameter
is constant and the phasevaries in space. Starting from the London-Maxwell equation in
all the space,we eliminate the magnetic �eld outside their sourcesand obtain equations
for the currents, magnetization and �elds inside them. This is done in the subsection2.1.
In the subsection2.2 we apply this method to the caseof very thin coupled ferromagnetic
and superconducting �lms. When proximit y e�ects dominate, the Londonsapproximation
is invalid. The basicequationsfor this casewill be described in subsection2.3.

2.1 Three-Dimensional Systems.

The total energyof a stationary F-S systemreads:

H =
Z

[
B 2

8�
+

msnsv 2
s

2
� B � M ]dV (1)

whereB is the magnetic induction, M is the magnetization,ns is the density of S-electrons,
ms is their e�ective massand v s is their velocity. We assumethat the SC density ns and
the magnetization M are separatedin space. We assumealso that the magnetic �eld B
and its vector-potential A asymptotically turn to zeroat in�nit y. Employing static Maxwell
equation r � B = 4�

c j , and B = r � A , the magnetic �eld energycan be transformed as
follows:

Z B 2

8�
dV =

Z j � A
2c

dV (2)
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Though the vector-potential enters explicitly in the last equation, it is gaugeinvariant due
to the current conservation divj = 0. When integrating by part, we neglectedthe surface
term. This is correct if the �eld, vector-potential and the current decreasesu�cien tly fast at
in�nit y. This condition is satis�ed for simpleexamplesconsideredin this article. The current
j can be represented as a sum: j = j s + j m of the SC and magneticcurrents, respectively:

j s =
ns�he
2ms

(r ' �
2�
� 0

A ) (3)

j m = cr � M : (4)

We considercontributions from magneticand S-currents into the integral (2) separately. We
start with the integral:

1
2c

Z
j m A dV =

1
2

Z
(r � M ) � A dV (5)

Integrating by part and neglectingthe surfaceterm again, we arrive at a following result:

1
2c

Z
j m A dV =

1
2

Z
M � BdV (6)

We have omitted the integral over a remote surface
H
(n � M ) � A dS. Such an omissionis

valid if the magnetization is con�ned to a limited volume. But for in�nite magneticsystems
it may be wrong even in simplest problems. We will discusssuch a situation in the next
section.

Next weconsiderthe contribution of the superconductingcurrent j s to the integral (2). In
the gauge-invariant equation3 ' is the phaseof the S-carriers(Cooper pairs) wave-function
and � 0 = hc=2e is the 
ux quantum. Note that the phasegradient r ' can be included into
A asa gaugetransformation with exceptionof vortex lines, where' is singular. We employ
equation (3) to expressthe vector-potential A in terms of the supercurrent and the phase
gradient:

A =
� 0

2�
r ' �

msc
nse2

j s (7)

Plugging equation (7) into equation (2), we �nd:

1
2c

Z
j sA dV =

�h
4e

Z
r ' � j sdV �

ms

2nse2

Z
j 2

s dV (8)

Sincej s = ensvs, the last term in this equation is equal to the kinetic energytaken with the
sign minus. It exactly compensatesthe kinetic energyin the initial expressionfor the energy
(1). Collecting all remaining terms, we obtain a following expressionfor the total energy:

H =
Z

[
ns�h

2

8ms
(r ' )2 �

ns�he
4msc

r ' � A �
B � M

2
]dV (9)

We remind again about a possiblesurfaceterm for in�nite magnetic systems. Note that
integration in the expressionfor energy (9) proceedsover the volumesoccupied either by
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superconductorsor by magnets.Equation (9) allows to separatethe energyof vortices from
the energyof magnetizationinducedcurrents and �elds and their interaction energy. Indeed,
as we noted earlier, the phasegradient can be ascribed to the contribution of vortex lines
only. It is representable as a sum of independent integrals over di�erent vortex lines. The
vector-potential and the magnetic�eld canberepresented asa sumof magnetizationinduced
and vortex inducedparts: A = A m + A v, B = B m + B v, whereA k , B k (the index k is either
m or v) are determinedas solutions of the Londons-Maxwell equations:

r � (r � A k) =
4�
c

j k ; (10)

The e�ect of the screeningof magnetic �eld generatedby magnetization by superconduc-
tor is included into the vector �elds A m and B m . Applying such a separation,we present
the total energy(9) as a sum of terms containing only vortex contributions, only magnetic
contributions and the interaction terms. The purely magnetic part can be represented as
a nonlocal quadratic form of the magnetization. The purely superconductingpart is repre-
sentable as a non-local double integral over the vortex lines. Finally, the interaction term
is representable as a double integral which proceedsover the vortex lines and the volume
occupied by the magnetization and is bi-linear in magnetization and vorticit y. To avoid
cumbersomeformulas, we will not write theseexpressionsexplicitly.

2.2 Tw o-Dimensional Systems.

Below we perform a more explicit analysisfor the caseof two parallel �lms, oneF, another
S, both very thin and very closeto each other. Neglecting their thickness,we assumethat
both �lms are located approximately at z = 0. In somecaseswe need a more accurate
treatment. Then we introducea small distanced between�lms which in the end will be put
zero. Though the thicknessof each �lm is assumedto be small, the 2-dimensionaldensities
of S-carriersn(2)

s = nsds and magnetization m = M dm remain �nite. Here we introduced
the thicknessof the S �lm ds and the F �lm dm . The 3d super-carrier density ns(R) can
be represented as ns(R) = � (z)n(2)

s (r ) and the 3d magnetization M (R) can be represented
as M (R) = � (z � d)m(r ), where r is the two-dimensionalradius-vector and z-direction is
perpendicular to the �lms. In what follows n(2)

s is assumedto be a constant and the index
(2) is omitted. The energy(9) can be rewritten for this special case:

H =
Z

[
ns�h

2

8ms
(r ' )2 �

ns�he
4msc

r ' � a �
b � m

2
]d2r (11)

wherea = A (r ; z = 0) and b = B(r ; z = 0). The vector-potential satis�es Maxwell-Londons
equation:

r � (r � A ) = �
1
�

A � (z) +
2� �hnse

msc
r ' � (z) (12)

+ 4� r � (m� (z))
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Here� = � 2
L =dS is the e�ective screeninglength for the S �lm, � L is the London penetration

depth and ds is the S-�lm thickness[71].
According to our generalarguments, the term proportional to r ' in equation (13) de-

scribes vortices. A plane vortex characterizedby its vorticit y q and by the position of its
center on the plane r 0 contributes a singular term to r ' :

r ' 0(r ; r 0) = q
ẑ � (r � r 0)

jr � r 0j2
(13)

and generatesa standard vortex vector-potential:

A v0(r � r 0; z) =
q� 0

2�
ẑ � (r � r 0)

jr � r 0j

�
Z 1

0

J1(kjr � r 0j)e� kjzj

1 + 2k�
dk (14)

Di�eren t vortices contribute independently into the vector-potential and magnetic �eld. A
peculiarity of this problem is that the usually applied gaugedivA = 0 becomessingular
in the limit ds; dm ! 0. Therefore, it is reasonableto apply another gaugeAz = 0. The
calculations are much simpler in Fourier-representation. Following the generalprocedure,
we present the Fourier-transform of the vector-potential A k as a sum A k = A mk + A vk .
Equation for the magneticpart of the vector-potential reads:

k(qA mk ) � k2A mk =
amq

�
� 4� ik � mqeik z d (15)

where q is projection of the wave vector k onto the plane of the �lms: k = kzẑ + q. An
arbitrary vector �eld V k in the wave-vector spacecanberepresented by its local coordinates:

V k = V z
k ẑ + V k

k q̂ + V ?
k (ẑ � q̂) (16)

In terms of thesecoordinates the solution of equation (15) reads:

Ak
mk = �

4� im ?
q

kz
eik z d (17)

A?
mk = �

1
�k 2

a?
q +

4� i
�
kzmk

q � qmqz

�

k2
eik z d (18)

Integration of the latter equation over kz allows to �nd the perpendicular component of
aq

(m) :

a?
mq = �

4� �q (mk
q + im qz)

1 + 2�q
e� qd; (19)

whereasit follows from equation (15) that ak
mq = 0. Note that the parallel component of

the vector-potential Ak
mk does not know anything about the S �lm. It corresponds to the
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magnetic �eld equal to zero outside the plane of F �lm. Therefore, it is inessential for our
problem.

The vortex part of the vector-potential also does not contain z-component since the
supercurrents 
o w in the plane. The vortex solution in a thin �lm was �rst found by Pearl
[72]. An explicit expressionfor the vortex-inducedpotential is:

A vk =
2i � 0(ẑ � q̂)F (q)

k2(1 + 2�q )
; (20)

where F (q) =
P

j ei qr j is the vortex form-factor; the index j labels the vortices and r j

are coordinates of the vortex centers. The Fourier-transformation for the vortex-induced
vector-potential at the surfaceof the SC �lm avq reads:

avq =
i � 0(ẑ � q̂)F (q)

q(1 + 2�q )
(21)

The z-component of magnetic �eld induced by the Pearl vortex in real spaceis:

Bvz =
� 0

2�

Z 1

0

J0(qr )e� qjzj

1 + 2�q
qdq (22)

Its asymptotic at z = 0 and r � � is Bvz � � 0�= (� r 3); at r � � it is Bvz � � 0=(� �r ). Each
Pearl vortex carriesthe 
ux quantum � 0 = � �hc=e.
The energy(11), can be expressedin terms of Fourier-transforms:

H = Hv + Hm + Hvm ; (23)

wherepurely vortex energyH v is the sameas it would be in the absenceof the FM �lm:

Hv =
ns�h2

8ms

Z
r ' � q (r ' q �

2�
� 0

avq )
d2q

(2� )2
; (24)

The purely magneticenergyHm is:

Hm = �
1
2

Z
mqbmq (25)

It contains the screenedmagnetic �eld and thereforedi�ers from its value in the absenceof
the SC �lm . Finally the interaction energyreads:

Hmv = �
ns�he
4msc

Z
(r ' )� qamq

d2q
(2� )2

�
1
2

Z
m � qbvq

d2q
(2� )2

(26)

Note that the information on the vortex arrangement is contained in the form-factor F (q)
only.
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To illustrate how important canbe the surfaceterm, let considera homogeneousperpen-
dicularly magnetizedmagnetic �lm and one vortex in superconducting �lm. The authors
[30]have shown that the energyof this systemis " v = "0

v � m� 0, where"0
v is the energyof the

vortex in the absenceof magnetic�lm, m is the magnetizationper unit areaand � 0 = hc=2e
is the magnetic 
ux quantum. Let considerhow this result appears from the microscopic
calculations. The vortex energy(24) is just equal to " 0

v. Purely magnetic term (25) doesnot
changein the presenceof vortex and is inessential. The �rst term in the interaction energy
(26) is equalto zerosincethe in�nite magnetic�lm doesnot generatemagnetic�eld outside.
The secondterm of this energy is equal to � m� 0=2. The secondhalf of the interaction
energycomesfrom the surfaceterm. Indeed, it is equal to

(1=2) lim
r !1

Z 2�

0
m(r̂ � ẑ) � A rd' = � (1=2)

I
A � dr

= � m� 0=2

2.3 Eilen berger and Usadel Equations

The essenceof proximit y phenomenais the changeof the order parameter(Cooper pair wave
function). Therefore,the Londonapproximation is not valid in this caseandequationsfor the
order parameter must be solved. They are either Bogolyubov-DeGennesequations[73, 74]
for the coe�cien ts u and v or more conveniently the Gor'kov equations[75] for Greenfunc-
tions. Unfortunately the solution of theseequationsis not an easyproblem in the spatially
inhomogeneouscasecombined with the scatteringby impurities and/or irregular boundaries.
This is a typical situation for the experiments with F/S proximit y e�ects, sincethe layersare
thin, the di�usion delivers atoms of one layer into another and the control of the structure
and morphology is not so strict as for 3d single crystals. Sometimesexperimenters delib-
erately useamorphousalloys as magnetic layers [76]. Fortunately, if the scaleof variation
for the order parameter is much larger than atomic, the semiclassicalapproximation can be
applied. Equations for the superconductingorder parameter in semiclassicalapproximation
were derived long time ago by Eilenberger [77] and by Larkin and Ovchinnikov [78]. They
were further simpli�ed in the caseof strong elastic scattering (di�usion approximation) by
Usadel[79]. For the readerconvenienceand for the uni�cation of notations we demonstrate
them herereferring the readerfor derivation to original works or to the textbooks [80, 81].

The Eilenbergerequationsarewritten for the electronicGreenfunctions integrated in the
momentum spaceover the momentum component perpendicular to the Fermi surface.Thus,
they depend on a point of the Fermi-surfacecharacterizedby two momentum components,
on the coordinates in real spaceand time. It is more convenient in thermodynamics to use
their Fourier-components over the imaginary time, the so-calledMatsubara representation
[82]. The frequenciesin this representation accept discrete real values ! n = (2n + 1)� T,
where T is the temperature. The caseof singlet pairing is described by two Eilenberger
anomalousGreen functions F (! ; k; r ) and F y(! ; k; r ) (integrated along the normal to the
Fermi-surfaceGor'kov anomalousfunctions), where ! stays for ! n , k is the wave vector at
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the Fermi sphereand r is the vector indicating at a point in real space(the coordinate of
the Cooper pair center-of-mass). The function F generally is complex in contrast to the
integrated normal Greenfunction G(! ; k; r ), which is real. Eilenbergerhas proved that the
functions G and F are not independent: they obey the normalization condition:

[G(! ; k; r )]2 + jF (! ; k; r )j2 = 1 (27)

Besides,the EilenbergerGreenfunctions obey the following symmetry relations:

F (! ; k; r ) = F � (� ! ; k; r ) = F � (! ; � k; r ) (28)

G(� ! ; k; r ) = � G � (! ; k; r ) = � G(! ; � k; r ) (29)

Eilenbergerequationsread:
"

2! + v

 
@
@r

� i
2e
c

A (r )

! #

F (! ; k; r ) = 2� G(! ; k; r )

+
Z

d2q� (q)W(k; q)[G(k)F (q) � F (k)G(q)] (30)

where�( r ) is the space(and time)- dependent order parameter(local energygap); v is the
velocity on the Fermi surface;W(k; q) is the probability of transition per unit time from
the state with the momentum q to the state with the momentum k and � (q) is the angular
dependenceof the density of statesnormalizedby

R
d2q� (q) = N (0). HereN (0) is the total

density of states (DOS) in the normal state at the Fermi level. The Eilenberger equations
have the structure of Boltzmann kinetic equation,but they alsoincorporate quantum coher-
encee�ects. They must be complemented by the self-consistencyequation expressinglocal
value of �( r ) in terms of the anomalousGreenfunction F :

�( r ) ln(
T
Tc

) + 2� T
1X

n=0

"
�( r )
! n

�
Z

d2k� (k)F (! n ; k; r )

#

= 0 (31)

In a frequently consideredby theorists caseof the isotropic scattering the collision integral
in equation (30) is remarkably simpli�ed:

Z
d2q� (q)W(k; q)[G(k)F (q) � F (k)G(q)] =

1
�

[G(k)hF i � F (k)hGi ] ; (32)

where the relaxation time � is equal to inverse value of angular independent transition
probability W and h:::i meansthe angular averageover the Fermi sphere.
The Eilenbergerequation is simpler than completeGor'kov equationssinceit contains only
one function depending on by one lessnumber of arguments. It could be expected that
in the limit of very short relaxation time Tc0� � 1 (Tc0 is transition temperature in the
cleansuperconductor) the Eilenbergerkinetic-like equation will becomesimilar to di�usion
equation. Such a di�usion-lik e equation was indeedderived by Usadel [79]. In the caseof
strong elastic scattering and the isotropic Fermi surface(sphere) the Green function does
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not depend on the direction on the Fermi sphereand depends only on frequencyand the
spatial coordinate r . The Usadelequation reads(we omit both arguments):

2! F � D@̂
�
G@̂F � F @̂G

�
= 2� G (33)

In this equation D = v2
F � =3 is the di�usion coe�cien t for electronsin the normal state and

@̂stays for the gauge-invariant gradient: @̂= r � 2ieA =�hc. The Usadelequationsmust be
complemented by the sameself-consistencyequation (31). It is also useful to keepin mind
expressionfor the current density in terms of the function F :

j = ie2� TN (0)D
X

! n > 0

(F � @̂F � F @̂F � ): (34)

One can considerthe set of Greenfunctions G, F , F y as elements of the 2x2 matrix Green
function ĝ where the matrix indicescan be identi�ed with the particle and hole or Nambu
channels. This formal trick becomesrather essential when the singlet and triplet pairing
coexist and it is necessaryto take in account the Nambu indices and spin indicessimulta-
neously. Eilenberger in his original article [77] has indicated a way to implement the spin
degreesof freedomin his scheme. Below we demonstratea convenient modi�cation of this
representation proposedby Bergeretet al. [83]. Let us introducea matrix �g(r ; t; r 0; t0) with
matrix elements gn;n 0

s;s0 , wheren; n0arethe Nambu indicesand s;s0arethe spin indices,de�ned
as follows:

gn;n 0

s;s0 (r ; t; r 0; t0) =
1
�h

X

n00

(�̂ 3)n;n 00

Z
d� h n00s(r ; t) y

n0s0(r 0; t0)i (35)

The matrix �̂ 3 in the de�nition (35) is the Pauli matrix in the Nambu space.To clarify the
Nambu indiceswe write explicitly what do they meanin terms of the electronic -operators:
 1s �  s;  2s �  y

�s and �s means� s. The most generalmatrix �g can be expandedin the
Nambu spaceinto a linear combination of 4 independent matrices �̂ k ; k = 0; 1; 2; 3, where
�̂ 0 is the unit matrix and three others are the standard Pauli matrices. Following [83], we
accept following notations for the components of this expansion,which are matrices in the
spin space1:

�g = ĝ0�̂ 0 + ĝ3�̂ 3 + �f ; �f = f̂ 1i �̂ 1 + f̂ 2i �̂ 2 (36)

The matrix �f describesCooper pairing sinceit contains only anti-diagonal matrices in the
Nambu space.In turn the spin matrices f̂ 1 and f̂ 2 canbe expandedin the basisof spin Pauli
matrices ^� j ; j = 0; 1; 2; 3. Without lossof generality we can accept the following agreement
about the scalarcomponents of the spin-spaceexpansion:

f̂ 1 = f 1�̂ 1 + f 2�̂ 2; f̂ 2 = f 0�̂ 0 + f 3�̂ 3: (37)

It is easyto check that the amplitudes f i ; i = 0:::3 are associated with the following combi-
nations of the wave-function operators:

f 0 ! h "  # +  # " i

1Each time when Nambu and spin matrices stay together we mean the direct product.
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f 1 ! h "  " �  y
# y

#i

f 2 ! h "  " +  y
# y

#i

f 3 ! h "  # �  # " i

Thus, the amplitude f 3 correspondsto the singlet pairing, whereasthree othersare responsi-
ble for the triplet pairing. In particular, in the absenceof triplet pairing only the component
f 3 survivesand the matrix �f is equal to

 
0 F

F y 0

!

Let us considerwhat modi�cation must be introducedinto the Eilenbergerand Usadelequa-
tions to take in account the exchange interaction of Cooper pairs with the magnetization
in the ferromagnet. Neglecting the reciprocal e�ect of the Cooper pairs onto the electrons
of d- or f-shell responsible for magnetization, we introduce the e�ective exchange�eld h(r )
acting inside the ferromagnet. It producespseudo-Zeemansplitting of the spin energy2. In
the caseof the singlet pairing the Matsubara frequency! must be substituted by ! + ih(r ).
When the direction of magnetizationchangesin spacegeneratingtriplet pairing, the Usadel
equation is formulated in terms of the matrix �g [83]:

D
2

@(�g@�g) � j! j[�̂ 3�̂ 3; �g] + sign! [�h; �g] = � i [ �� ; �g]; (38)

wherethe operators of the magnetic �eld �h and the energygap �� are de�ned as follows:

�h = � 3� � h (39)

�� = � i� 2� 2 (40)

To �nd a speci�c solution of the Eilenberger and Usadelequationsproper boundary condi-
tions should be formulated. For the Eilenberger equations the boundary conditions at an
interfaceof two metals werederived by Zaitsev [84]. They are most naturally formulated in
terms of the antisymmetric (�ga) and symmetric (�gs) parts of the matrix �g with respect to
re
ection of momentum pz ! � pz assumingthat z is normal to the interface. One of them
statesthat the antisymmetric part is continuous at the interface(z = 0):

�ga(z = � 0) = �ga(z = +0) (41)

The secondequation connectsthe discontinuity of the symmetric part at the interface �gs
� =

�gs(z = +0) � �gs(z = � 0) with the re
ection coe�cien t R and transmissioncoe�cien t D of
the interfaceand antisymmetric part �ga at the boundary:

D �gs
� (�gs

+ � �ga�gs
� ) = R�ga[1 � (�ga)2]; (42)

2In reality the exchange energy has quite di�eren t origin than the Zeeman interaction, but at a �xed
magnetization there is a formal similarit y in the Hamiltonians.
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where �gs
+ = �gc(z = +0) + �gc(z = � 0). If the boundary is transparent (R=0, D=1), the

symmetric part of the Greentensor �g is alsocontinuous.
The boundary conditions for the Usadel equations, i.e. under the assumption that the
mean free path of electron l is much shorter than the coherencelength � , were derived by
Kupriy anov and Lukichev[85]. The �rst of them ensuresthe continuity of the current 
o wing
through the interface:

� < �g<
d�g<

dz
= � > �g>

d�g>

dz
; (43)

wherethe subscripts< and > relate to the left and right sidesof the interface; � <;> denote
the conductivity of the proper metal. The secondboundary condition connectsthe current
with the discontinuity of the order parameter through the boundary and its transmission
and re
ection coe�cien ts D(� ) and R(� ):

l> �g>
d�g>

dz
=

3
4

h
cos�D(� )

R(� )
i [�g< ; �g> ]; (44)

where� is the incidenceangleof the electronat the interfaceand D(� ), R(� ) are correspond-
ing transmission and re
ection coe�cien ts. This boundary condition can be rewritten in
terms of measurablecharacteristics:

� > �g>
d�g>

dz
=

1
Rb

i [�g< ; �g> ]; (45)

where Rb is the resistanceof the interface. In the caseof high transparency (R � 1) the
boundary conditions (43,44) can be simpli�ed as follows [86]:

�f < = �f > ;
d �f <

dz
= 


d �f >

dz
; (46)

where
 is the ratio of normal state resistivities.

3 Hybrids Without Pro ximit y E�ect

3.1 Magnetic Dots

In this subsectionwe considerthe ground state of a SC �lm with a circular very thin FM dot
grown upon it. The magnetization will be consideredto be �xed, homogeneousinside the
dot and directed either perpendicular or parallel to the SC �lm (see�gure 1). This problem
is basiconefor a classof more complicatedproblemsincorporating arrays of magneticdots.

We will analyzewhat areconditions for appearanceof vorticesin the ground state, where
do they appear and what are magnetic �elds and currents in these states. The S �lm is
assumedto be very thin, planeand in�nite in the lateral directions. Sincethe magnetization
is con�ned insidethe �nite dot no di�culties with the surfaceintegralsover in�nitely remote
surfacesor contours arise.
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Figure 1: Magnetic dots with out-of-planeand in-plane magnetizationand vortices.

3.1.1 Magnetic Dot: Perp endicular magnetization

For an in�nitely thin circular magnetic dot of the radius R with 2d magnetization m(r ) =
mẑ�( R � r )� (z � d) on the top of the SC �lm the magnetic �eld can be calculated using
equations(18,19). The Fourier-component of magnetizationnecessaryfor this calculation is:

m k = ẑ
2� mR

q
J1(qR)eik z d; (47)

whereJ1(x) is the Besselfunction. The Fourier-transformsof the vector-potential reads:

A?
mk = �

i8� 2mRJ1(qR)
k2

� (e� qd 2q�
1 + 2q�

+ (eik z d � e� qd)) (48)

Though the di�erence in the round brackets in equation (48) looks to be always small (we
remind that d must be put zero in the �nal answer), we can not neglect it since it occurs
to give a �nite, not small contribution to the parallel component of the magnetic �eld
between the two �lms. From equation (48) we immediately �nd the Fourier-transformsof
the magnetic �eld components:

B z
mq = iqA?

mq ; B ?
mq = � ik zA?

mq (49)

For the readersconveniencewe alsopresent the Fourier-transform of the vector-potential at
the superconductorsurface:

a?
mq = �

i8� 2�mR
1 + 2q�

J1(qR) (50)

In the last equation we have put e� qd equal to 1.
Performing inverseFourier-transformation, we �nd the magnetic �eld in real space:

B z
m (r; z) = 4� �mR

Z 1

0

J1(qR)J0(qr )e� qjzj

1 + 2q�
q2dq (51)
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Figure 2: Magnetic �eld of dot with and without vortex for R=� = 5 and � 0=8� 2mR = 4

B r
m (r ; z) = 2� mR

Z 1

0
J1(qR)J1(qr )e� qjzj

� [
2q�

1 + 2q�
�( z) + �( z � d) � �( z)]qdq; (52)

where �( z) is the step function equal to +1 at positive z and � 1 at negative z. Note that
B r

m has discontinuities at z = 0 and z = d due to surfacecurrents in the S- and F-�lms,
respectively, whereasthe normal component B z

m is continuous.
A vortex, if appears,must be locatedat the center of the dot dueto symmetry. If R � � ,

the direct calculation shows that the central position of the vortex providesminimal energy.
For small radius of the dot the deviation of the vortex from the central position seemseven
lessprobable. We have checked numerically that central position is always energyfavorable
for one vortex. Note that this fact is not trivial since the magnetic �eld of the dot is
stronger near its boundary. However, the gain of energydue to interaction of the magnetic
�eld generatedby the vortex with magnetizationdecreaseswhen the vortex approachesthe
boundary. The normal magnetic �eld generatedby the Pearl vortex is given by equation
(22). Numerical calculationsbasedon equations(51, 22) for the caseR > � shows that B z

at the S-�lm (z = 0) changessign at somer = R0 (see�gure 2) in the presenceof the vortex
centered at r = 0, but it is negative everywhereat r > R in the absenceof the vortex.

The physicalexplanationof this fact is asfollows. The dot itself is an ensemble of parallel
magneticdipoles. Each dipole generatesmagnetic�eld at the planepassingthrough the dot,
which hasthe signopposite to its dipolar moment. The �elds from di�erent dipolescompete
at r < R, but they have the samesign at r > R. The SC current resiststhis tendency. The
�eld generatedby the vortex decays slower than the dipolar �eld (1=r3 vs. 1=r4 ). Thus,
the sign of Bz is opposite to the magnetization at small values of r (but larger than R)
and positive at large r . The measurement of magnetic �eld near the �lm may serve as a
diagnostictool to detect a S-vortex con�ned by the dot. To our knowledge,sofar there were
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Figure 3: Phasediagram of vortices inducedby a magneticdot. The lines correspond to the
appearanceof 1,2 and 3 vortices, respectively.

no experimental measurements of this e�ect.
In the presenceof a vortex, energy of the system can be calculated using equations

(23-26). The appearanceof the vortex changesenergyby the amount:

� = " v + "mv (53)

where " v = "0 ln(�=� ) is the energyof the vortex without magnetic dot, " 0 = � 2
0=(16� 2� );

"mv is the energyof interaction betweenthe vortex and the magneticdot given by equation
(26). For this speci�c problem the direct substitution of the vector-potential, magnetic �eld
and the phasegradient (seeequations(50,51))leadsto a following result:

"mv = � m� 0R
Z 1

0

J1(qR)dq
1 + 2�q

(54)

The vortex appearswhen� turns into zero. This criterion determinesa curve in the planeof
two dimensionalvariablesR=� and m� 0="v. This curve separatingregimeswith and without
vortices is depictedin �gure 3. The asymptotic of " mv for large and small valuesof R=� can
be found analytically:

"mv � � m� 0 (
R
�

� 1)

"mv � � m� 0
R
2�

(
R
�

� 1)

Thus, asymptotically the curve � = 0 turns into a horizontal straight line m� 0="v = 1 at
large R=� and logarithmically distorted hyperbola (m� 0="v)(R=� ) = 2 at small ratio R=� .

At further increasingof either m� 0="v or R=� the secondvortex becomesenergy fa-
vorable. Due to symmetry the centers of the two vortices are located on the straight line
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including the center of the dot at equal distancesfrom it. The energy of the two-vortex
con�guration can be calculatedby the samemethod. The curve 2 on �gure (3) corresponds
to this secondphasetransition. In principle there existsan in�nite seriesof such transitions.
However, here we limit ourselves with the �rst three sinceit is not quite clear what is the
most energyfavorable con�guration for 4 vortices (for 3 it is the regular triangle). It is not
yet studied what is the role of con�gurations with several vortices con�ned inside the dot
region and antivortices outside.

3.1.2 Magnetic Dot: Parallel Magnetization

Next we consideran in�nitely thin circular magneticdot whosemagnetizationM is directed
in the plane and is homogeneousinside the dot. An explicit analytical expressionfor M
readsas follows:

M = m0� (R � � )� (z)x̂ (55)

where R is the radius of the dot, m0 is the magnetization per unit area and x̂ is the unit
vector along the x-axis. The Fourier transform of the magnetization is:

M k = 2� m0R
J1(qR)

q
x̂ (56)

The Fourier-representation for the vector-potential generatedby the dot in the presenceof
magnetic �lm takesthe form:

A ?
mk = eik d[

8� 2m0R
k2

z + q2
J1(qR)cos(� q)

�

 
{kze{kz d

q
�

e� qd

1 + 2�q

!

] (57)

Let introduce a vortex-antivortex pair with the centers of the vortex and antivortex
located at x = + � 0, x = � � 0, respectively. Employing equations(23-26) to calculate the
energy, we �nd:

E = 2� 0ln(
�
�

) � 4� 0�
Z 1

0

J0(2q� 0)
1 + 2�q

dq

� 2m0� 0R
Z 1

0

J1(qR)J1(q� 0)
1 + 2�q

dq+ E0 (58)

where E0 is the dot self energy. Our numerical calculations indicate that the equilibrium
value of � 0 is equal to R. The vortex-anti-vortex creation changesthe energyof the system
by:

� = 2� 0ln(
�
�

) � 4� 0�
Z 1

0

J0(2qR)
1 + 2�q

dq

� 2m0� 0R
Z 1

0

J1(qR)J1(qR)
1 + 2�q

dq (59)
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Figure 4: Phasediagramfor vortices-anti-vortices inducedby the magneticdot with in-plane
magnetization.

The instabilit y to the vortex-anti-vortex pair appearancedevelops when � changessign.
The curve that corresponds to � = 0 is given by a following equation:

m0� 0

� 0
=

2ln( �
� ) � 4�

R1
0

J0(2qR)
1+2 �q dq

2R
R1

0
J1(qR)J1 (qR)

1+2 �q dq
(60)

The critical curve in the plane of two dimensionalratios m0 � 0
� 0

and R
� is plotted numerically

in �gure (4). The creation of vortex-anti-vortex is energyunfavorable in the region below
this curve and favorableabove it. The phasediagram suggeststhat the smaller is the radius
R of the dot the larger value m0 � 0

� 0
is necessaryto createthe vortex-anti-vortex pair. At large

valuesof R and m0� 0 � � 0, the vortex is separatedby a large distancefrom the antivortex.
Therefore, their energy is approximately equal to that of two free vortices. This positive
energyis compensatedby the attraction of the vortex and antivortex to the magnetic dot.
The critical values of m0� 0=�0 seemsto be numerically large even at R=� � 1. This is
probably a consequenceof comparablyine�ectiv e interaction of in-plane magnetizationwith
the vortex.

Magnetic dots with a �nite thicknesswereconsideredby Milosevic et al. [42, 43, 44]. No
qualitativ e changesof the phasediagram or magnetic �elds were reported.

19



Figure 5: Left: Field dependenceof the resistivity of a Nb thin �lm with a triangular array
of Ni dots. (From Martin et al. [6]).
Right: Critical current as a function of �eld for the high density triangular array at T =
8.52K Tc= 8.56K (From Morgan and Ketterson [7]).

3.2 Arra y of Magnetic Dots and Superconducting Film

3.2.1 Vortex Pinning by Magnetic Dots

Vortex pinning in superconductors is of the great practical importance. First time the
arti�cial vortex pinning was createdby S-�lm thicknessmodulation in seventies. Martinoli
et al. [10] have usedgrooveson the �lm surfaceto pin vortices and Hebard et al. [11, 12]
have usedtriangular arrays of holes. Magnetic structures provide additional possibilities to
pin vortices. First experiments were performed in the Louis Neel lab in Grenoble [3, 4].
Theseexperiments were performed with dots several microns wide with the magnetization
parallel to the superconducting �lm. They observed oscillations of the magnetization vs
magnetic�eld. Theseoscillation wasattributed to a simplematching e�ect: pinning becomes
strongerwhenvortex lattice is commensuratewith the lattice of pinning centers. This canbe
measuredin terms of external, normal to the �lm magnetic �eld neededto generateinteger
number of vortices per unit cell of the pinning array.

Flux pinning by a triangular array of submicronsizedots with typical spacing400-600nm
and diameterscloseto 200nm magnetizedin-plane was �rst reported by Martin et al. [6].
Oscillationsof the resistivity with increasing
ux wereobserved with period corresponding to
one
ux quanta per unit cell of magneticdot lattice (see�gure 5Left. This can be explained
by the matching e�ect. Though matching e�ect is not speci�c to magnetic pinning arrays,
enhancedpinning with magnetic dots with magnetization parallel to the �lm was observed
by Martin et al. [6].

Dots array with out-of-plane magnetization component was �rst created and studied
by Morgan and Ketterson [7]. They have measuredcritical current as a function of the
external magnetic �eld and found strong asymmetry of the pinning properties vs magnetic
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Figure 6: Schematic presentation of the polarity dependent 
ux pinning, presenting the
crosssectionof a Pb �lm deposited over a magneticdipole with in-plane magnetization: (a)
A positive FL (wide gray arrow) is attached to the dot at the pole where a negative 
ux
quantum is inducedby the stray �eld (black arrows), and (b) a negative FL is pinned at the
pole wherea positive 
ux quantum is inducedby the stray �eld. (From Van Bael et al.[87])

�eld direction (see�gure 5Right). This experiment has given the �rst direct experimental
evidencethat the physicsof vortex pinning by magneticdots is di�erent from that of common
pinning centers.

Pinning properties of the magnetic dots array depends on several factors: magnetic
moment orientation, the strength of the stray �eld, the ratio of the dot sizeand the dot lattice
constant to the e�ective penetration depth, array magnetization, the strength and direction
of the external �eld, etc. The use of magnetic imaging technique, namely ScanningHall
Probe Microscope (SHPM) and Magnetic Force Microscope (MFM) has revealed exciting
pictures of vortex \w orld". Such studiesin combination with traditional measurements gives
new insight in vortex physics. This work wasdonemainly by the group at the University of
Leuven. Below we brie
y discussonly a few casesstudied in great details by this group.

Dots with Parallel Magnetization. Van Bael et al.[87] studied with ScanningHall Probe
Microscope (SHPM) the magnetizationand vortex distribution in a squarearray (1.5� m pe-
riod) of rectangular (540nmX360nm)cobalttrila yer Au(7.5nm)/Co(20nm)/Au(7.5nm) dots
with magnetization along the edgesof the dots lattice. SHPM imageshave revealedmag-
netic �eld redistribution due to superconducting transition in the covered 50nm thin lead
superconducting �lm. Thesedata were interpreted by Van Bael et al.[87] as formation of
vortices of opposite sign on both sidesof the dot. By applying external magnetic �eld Van
Bael et al.[87]have demonstratedthe commensuratelattice of vortices residingon the \end"
of magnetizeddots. This location is in agreement with theoretical prediction [32]. Remark-
ably, they wereable to observe \compensation" of the vorticescreatedby the dots stray �eld
with vortices of the opposite sign due to applied normal �eld (see�gure 6).

Dots with Normal Magnetization. Van Bael et al.[88] have elucidated with the SHPM
imagesthe nature of previouslyreported (seee.g. work [7]) anisotropy in the vorticespinning
by the array of dotswith normal magnetization. They haveused1� m period lattice of square,
400nmside length and 14nm thin, Co/Pt multila yer dots coveredwith 50nm thin lead �lm.
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Figure 7: SHPM imagesof a (10.5� m)2 area of the sample in H=-1.6 Oe (left panel) and
H=1.6 Oe (right panel), at T=6.8 K (�eld-co oled). The tiny black/white dots indicate the
posi- tions of the Co/Pt dots, which are all aligned in the negative sense(m < 0). The 
ux
lines emergeas di�use dark (H < 0) or bright (H > 0) spots in the SHPM images. (From
Van Bael et al.[88])

Zero �eld SHPM imagesshow the checkerboard-like distribution of magnetic �eld (seeSec.
3.3.4)The stray �eld from the dots werenot su�cien t to createvortices. In a very weak(1.6
Oe) external �eld the averagedistancebetweenvortices wasabout 4 lattice spacings.In the
caseof the �eld parallel to the dots magnetizationvortices resideon the dots, as the SHPM
imageshows (see�gure 7a). In the caseof the same�eld with oppositedirection, the SHPM
shows vortices locatedat interstitial positions in the magneticdots lattice (see�gure 7b). It
is plausible that the pinning barriers are lower in the secondcase.

Figure 8 shows dependanceof superconduction �lm magnetization versusapplied mag-
netic �eld normal to the �lm. Moshchalkov et al.[89] have shown that magnetic �eld depen-
denceof �lm magnetizationof the superconducting�lm is very similar to the critical current
dependenceon magnetic�eld. Figure 8 shows strong anisotropy of the pinning propertieson
the external magnetic �eld direction. Magnetic �eld parallel to the dots magnetic moment
shows much stronger vortex pinning than antiparallel.

3.2.2 Magnetic Field Induced Superconductivit y

Consider a regular array of magnetic dots placed upon a superconducting �lm with mag-
netization normal to the �lm. For simplicity we considervery thin magnetic dots. Namely
this situation is realizedmagnetic�lms with normal magnetizationusedin experiment [90]).
The net 
ux from the magneticdot through any plane including the surfaceof the supercon-
ducting �lm (see�gure 9) is exactly zero. Supposethat on the top of the magneticdot the
z-component of the magnetic �eld is positive as shown in the mentioned �gure. Due to the
requirement of zero net 
ux the z-component of the magnetic �eld between the dots must
be negative. Thus, S-�lm occurs in a negative magnetic �eld normal to the �lm. It can be
partly or fully compensatedby an external magnetic �eld parallel to the dot magnetization
(see �gure 9). Such a compensation can be even more e�ective in for a regular array of
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Figure 8: M (H/H 1) magnetization curves at di�erent temperatures near T c (7.00 K open
symbols, 7.10K �lled symbols) showing the superconductingresponseof the Pb layer on top
of the Co/Pt dot array with all dots aligned in a positive upper panel and negative lower
panel sense.H1=20.68 Oe is the �rst matching �eld. (From Van Bael et al.[88])
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Figure 9: Schematical magnetic�eld distribution in the the array of dots with normal to the
superconducting�lm magnetization. (From Langeet al. cond-mat/0209101)

magnetic wires embeddedin alumina template [35, 37, 91]. Lange et al.[90] have proposed
this trick and reached a positive shift of the S-transition temperature in an external mag-
netic �eld, the result looking counterintuitiv e if oneforgetsabout the �eld generatedby the
dots. In this experiment a thin superconducting �lm was covered with a squarearray of
the CoPd magneticdots with normal to the �lm magnetization. The dots had squareshape
with the side 0.8� m, the thickness22nm and the dot array period 1.5� m. The H-T phase
diagrams presented in [90] for zero and �nite dots magnetization demonstrateappearance
of the superconductivity by applying magnetic �eld parallel to the dot magnetization. At
T=7.20K the systemwith magnetizeddots is in normal state. It undergoestransition to the
superconductingstate in the �eld 0.6mT and back to the normal state at 3.3mT. From the
data in �gure 3 in work by Langeet al.[90] onecan concludethat the compensating�eld is
about 2mT.

3.2.3 Magnetization Con trolled Superconductivit y

Above (Sec. 3.2.2) we have discussedexamplewhen application of magnetic �eld can trans-
form FSH systemfrom normal to superconductingstate. This wasdue compensationof the
dots stray magnetic �eld with external magnetic �eld.

Earlier Lyuksyutov and Pokrovsky [26] have discussedtheoretically situation when de-
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Figure 10: Left: Magnetized magnetic dots array. Vortices of di�erent signs are shown
schematically by supercurrent direction (dashed lines). The magnetic moment direction
is indicated by � . Both vortices bound by dots and created spontaneously are shown.
Magnetizedarray of dots createregular lattice of vorticesand antivorticesand provide strong
pinning. Right: Demagnetizedmagnetic dots array results in strongly 
uctuating random
potential which createsunbound antivortices/vortices, thus transforming superconducting
�lm into resistive state.
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Figure 11: Left:The checker-board average structure of the vortex plasma. Right: The
averagenumber of the unbound vortices in the cell of size a via the parameter � propor-
tional to the dot magnetic moment. Dot-dashedline corresponds to T=�0 = 0:15, solid line
corresponds to T=�0 = 0:4, dashedline corresponds to T=�0 = 2.

magnetizedarray of magnetic dots with normal magnetization create resistive state in the
coupledsuperconducting�lm. However, superconductingstate can be restoredby magneti-
zation of the dots array. This counter intuitiv e phenomenacan be explainedon qualitativ e
level. In the casewhen single dot createsone vortex, magnetizedarray of dots results in
periodical vortex/antivortex structure with anti-vortices localizedat the centers of the unit
cellsof the squarelattice of dots as shown in �gure 10Left. Such order provides strong pin-
ning. More interesting is demagnetizedstate in which the induced vortices and antivortices
createa random �eld for a probe vortex. If the lattice constant of the array a is lessthan the
e�ective penetration depth � , the random �elds from vortices are logarithmic. The e�ective
number of random logarithmic potentials acting on a probe vortex is N = (�=a )2 and the
e�ective depth of potential well for a vortex (antivortex) is

p
N � v. At proper conditions,

for examplenear the S-transition point, the potential wells can be very deepenabling the
spontaneousgeneration of the vortex-antivortex pairs at the edgesbetween potential val-
leys and hills. The vortices and antivortices will screenthesedeepwells and hills similarly
to the screeningin the plasma. The di�erence is that, in contrast to plasma, the screen-
ing "charges" do not exist without external potential. In such a 
attened self-consistent
potential relief the vortices have percolatedin�nite tra jectories passingthrough the saddle
points [29]. The drift motion of the delocalizedvorticesand antivortices in the external �eld
generatesdissipation and transfer the S-�lm into the resistive state (see �gure 10Right).
Replacingslow varying logarithmic potential by a constant at distanceslessthan � and zero
at larger distances,Feldmanet al. have found thermodynamic and transport characteristics
of this system. Below we brie
y outline their main results. For the sake of simplicity we
replacethis slow varying potential V (r ) by a potential having a constant value within the
single cell: V0 = 2� 0 at the distancer < � and zero at r > � , where � 0 = � 2

0=(16� 2� ), � 0
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Figure 12: The static resistance� of the �lm vs dimensionlesstemperature t = T=Tc at
typical valuesof parameters.

is the magnetic 
ux quantum. Consideringthe �lm as a set of almost unbound cells of the
linear size� we arrive at the following Hamiltonian for such a cell:

H = � U
X

i

� i ni + �
X

i

n2
i + 2� 0

X

i>j

ni nj ; (61)

where ni is integer vorticit y on either a dot and or a site of the dual lattice (between the
dots) which we conventionally associate with location of unbound vortices. � i = � 1, where
subscript i relatesto the dot, describesthe randomsignof the dot magneticmoments. � i = 0
on the sites of dual lattice. The �rst term of the Hamiltonian (61) describes the binding
energy of the vortex at the magnetic dot and U � � 0� d=� 0, with � d being the magnetic

ux through a single dot. The secondterm in the Hamiltonian is the sum of single vortex
energies,� = � 0 ln(� e� =a), where a is the period of the dot array, � is the superconducting
coherencelength. The third term mimicsthe intervortex interaction. Rede�ning the constant
� , onecan replacethe last term of equation (61) by � 0(

P
ni )2. The sign of the vorticit y on a

dot follows two possible(`up'- and `down-') orientations of its magnetization. The vortices
located betweenthe dots (ni on the dual lattice) are correlatedon the scalesof order � and
form the above-mentioned irregular checker-board potential relief.

To �nd the ground state, we considera cell with large number of the dots of each sign
� (�=a )2 � 1. The energy(61) is minimal when the "neutralit y" condition Q �

P
ni = 0

is satis�ed. Indeed, if Q 6= 0 the interaction energy grows as Q2, whereasthe �rst term
of the Hamiltonian behaves as jQj and can not compensate the last one unless Q � 1.
The neutrality constraint meansthat the unbound vortices screenalmost completely the
\charge" of those bound by dots, that is K � (N+ � N � ) �

p
N � � �=a where K is the

di�erence betweenthe numbersof the positive and negative dots and N � are the numbersof
the positive and negative vortices, respectively. Neglectingthe total chargejQj ascompared
with �=a , we minimize the energy(61) accounting for the neutrality constraint. At Q = 0
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the Hamiltonian (61) can be written as the sum of one-vortex energies:

H =
X

H i ; H i = � U� i ni + �n 2
i : (62)

The minima for any H i is achieved by choosing ni = n0
i , an integer closestto the mag-

nitude � i � = � i U=(2� ). The global minimum consistent with the neutrality is realized by
valuesof ni that di�er from the local minima valuesn0

i not morethan over � 1. Indeed,in the
con�guration with ni = n0

i , the total charge is j
P

n0
i j � � j

P
� i j = �K . Hence,if � � �=a ,

then the changeof the vorticit y at a small part of sitesby � 1 restoresneutrality. To be more
speci�c let us considerK > 0. Let �n be the integerclosestto � , and considerthe case� < �n.
Then the minimal energycorrespondsto a con�guration with the vorticit y n i = � �n at each
negative dot and with the vorticit y �n or �n � 1 at positive dots. The neutrality constraint
implies that the number of positive dots with the vorticit y �n � 1 is M = K �n. In the opposite
case� > �n the occupanciesof all the positive dots are �n; whereas,the occupanciesof the
negative dots are either �n or �n + 1. Note that in our model the unbound vortices are absent
in the ground state unless� is an integer. Indeed, the transfer of a vortex from a dot with
the occupancyn to a dual site changesthe energy by � E = 2� (� � n + 2). Hence, the
energytransfer is zero if and only if � is an integer, otherwisethe energychangeupon the
vortex transfer is positive. At integer � , the number of the unbound vortices can vary from
0 to K �n without change of energy. The ground state is degenerateat any non-integer �
since,while the total number of the dots with the di�erent vorticities are �xed, the vortex
exchangebetween two dots with the vorticities n and n � 1 doesnot changethe total en-
ergy. Thus, our model predicts a step-like dependenceof dot occupancieson � at the zero
temperature and peaksin the concentration of unbound vortices asshown in �gure 11. The
data for �nite temperature werecalculatedin the Ref.[29] The dependenciesof the unbound
vortex concentration on � for several valuesof x = �=T are shown in �gure 11. Oscillations
are well pronouncedfor x � 1 and are suppressedat small x (large temperatures). At low
temperatures,x � 1, the half-widths of the peaksin the density of the unbound vorticesare
� � � 1=x and the heights of peaksare � 
 n, where
 = K =N .

Vortex transport{ At moderate external currents j the vortex transport and dissipation
are controlled by unbound vortices. The typical energybarrier associated with the vortex
motion is � 0. The unbound vortex density is m � a� 2
 � (a� ) � 1 and oscillateswith � as
it was shown above. The averagedistancebetweenthe unbound vortices is l �

p
a� . The

transport current exerts the Magnus (Lorentz) force FM = j � 0=c acting on a vortex. Since
the condition T � � 0 is satis�ed in the vortex state everywhereexcept for the regionstoo
closeto Tc, the vortex motion occursvia thermally activated jumps with the rate:

� = � 0 exp(� � 0=T) = (�j � 0=cl) exp(� � 0=T); (63)

where � = (� 2� n )=(4� e2) is the Bardeen-Stephenvortex mobilit y [92]. The induced electric
�eld is accordingly

Ec = l _B=c= m� 0� l=c; (64)
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The Ohmic lossesper unbound vortex are Wc = j Ec�a = j � 0� l=c giving rise to the dc
resistivity as

� dc =
Wc

j 2� 2
=

� � 2
0

c2� 2
exp[� � 0(T)=T] (65)

Note the non-monotonicdependenceof � dc on temperature T �gure 12. The density of the
unbound vortices is the oscillating function of the 
ux through a dot. The resistivity of such
a systemis determinedby thermally activated jumps of vortices through the cornersof the
irregular checkerboard formed by the positive or negative unbound vortices and oscillates
with � d. These oscillations can be observed by additional deposition (or removal) of the
magneticmaterial to the dots.

3.3 Ferromagnet - Superconductor Bila yer

3.3.1 Topological Instabilit y in the FSB

Let usconsidera F/S bilayer with both layersin�nite andhomogeneous.An in�nite magnetic
�lm with ideal parallel surfacesand homogeneousmagnetizationgeneratesno magnetic�eld
outside. Indeed, it can be consideredas a magnetic capacitor, the magnetic analog of an
electric capacitor, and therefore its magnetic �eld con�ned inside. Thus, there is no direct
interaction between the homogeneouslymagnetizedF-layer and a homogeneousS-layer in
the absenceof currents in it. However, Lyuksyutov and Pokrovsky argued[30] that such a
systemis unstable with respect to spontaneousformation of vortices in the S-layer. Below
we reproducethesearguments.

Assumethe magneticanisotropy to be su�cien tly strong to keepmagnetizationperpen-
dicular to the �lm (in the z-direction). As we have demonstratedabove, the homogeneous
F-�lm createsno magnetic �eld outside itself. However, if a Pearl vortex somehow appears
in the superconducting �lm, it generatesmagnetic �eld interacting with the magnetization
m per unit areaof the F-�lm. At a proper circulation direction in the vortex and the rigid
magnetizationm this �eld decreasesthe total energyover the amount m

R
Bz(r )d2x = m�,

where � is the total 
ux. We remind that each Pearl vortex carries the 
ux equal to the
famous
ux quantum � 0 = � �hc=e. The energynecessaryto create the Pearl vortex in the
isolated S-�lm is � (0)

v = � 0 ln(�=� ) [72], where � 0 = � 2
0=16� 2� , � = � 2

L =d is the e�ective
penetration depth[71], � L is the London penetration depth, and � is the coherencelength.
Thus, the total energyof a singlevortex in the FSB is:

� v = � (0)
v � m� 0; (66)

and the FSB becomesunstablewith respect to spontaneousformation vorticesassoon as � v

turns negative. Note that closeenoughto the S-transition temperature Ts, � v is de�nitely
negative since the S-electrondensity ns and, therefore, � (0)

v is zero at Ts. If m is so small
that � v > 0 at T = 0, the instabilit y exists in a temperature interval Tv < T < Ts, whereTv

is de�ned by equation � v(Tv) = 0. Otherwise instabilit y persiststill T = 0.
A newly appearingvortex phasecannot consistof the vorticesof onesign. More accurate

statement is that any �nite, independent on the size of the �lm L f density of vortices is
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Figure 13: Magnetic domain wall and coupledarrays of superconductingvortices with op-
posite vorticit y. Arrows show the direction of the supercurrent.

energetically unfavorable in the thermodynamic limit L f ! 1 . Indeed, any system with
the non-zeroaveragevortex density nv generatesa constant magnetic �eld Bz = nv � 0 along
the z direction. The energy of this �eld for a large but �nite �lm of the linear size L f

grows as L3
f exceedingthe gain in energy due to creation of vortices proportional to L 2

f

in thermodynamic limit. Thus, paradoxically the vortices appear, but can not proliferate
to a �nite density. This is a manifestation of the long-rangecharacter of magnetic forces.
The way from this controversy is similar to that in ferromagnet: the �lm should split in
domainswith alternating magnetization and vortex circulation directions. Note that these
are combined topological defects: vortices in the S-layer and domain walls in the F-layer.
They attract each other. The vortex density is higher near the domain walls. The described
texture represents a new classof topologicaldefectswhich doesnot appear in isolatedS and
F layers. We show below that if the domain linear sizeL is much greater than the e�ective
penetration length � , the most favorable arrangement is the stripe domain structure (see
(�gure 13)). The quantitativ e theory of this structure was given by Erdin et al. [31].

The total energyof the bilayer can be represented by a sum:

U = Usv + Uvv + Uvm + Umm + Udw (67)

whereUsv is the sumof energiesof singlevortices;Uvv is the vortex-vortex interaction energy;
Uvm is the energyof interaction betweenthe vorticesand magnetic�eld generatedby domain
walls; Umm is the self-interaction energyof magnetic layer; Udw is the linear tension energy
of domain walls. We assumethe 2d periodic domain structure consistingof two equivalent
sublattices. The magnetization mz(r ) and density of vortices n(r ) alternate when passing
from onesublattice to another. Magnetization is supposedto have a constant absolutevalue:
mz(r ) = ms(r ), wheres(r ) is the periodic step function equal to +1 at one sublattice and
-1 at the other one. We considera dilute vortex systemin which the vortex spacingis much
larger than � . Then the single-vortex energyis:

Usv = � v

Z
n(r )s(r )d2x; � v = � (0)

v � m� 0 (68)
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The vortex-vortex interaction energyis:

Uvv =
1
2

Z
n(r )V(r � r 0)n(r 0)d2xd2x0; (69)

where V(r � r 0) is the pair interaction energybetweenvortices located at points r and r 0.
Its asymptotics at large distancesj r � r 0 j� � is V(r � r 0) = � 2

0=(4� 2 j r � r 0 j) [93]. This
long-rangeinteraction is inducedby magnetic�eld generatedby the Pearl vorticesand their
slowly decaying currents3. The energyof vortex interaction with the magnetic�eld generated
by the magnetic �lm looks as follows [32]:

Uvm = �
� 0

8� 2�

Z
r ' (r � r 0)n(r 0) � a(m) (r )d2xd2x0 (70)

Here ' (r � r 0) = arctan y� y0

x� x0 is a phaseshift created at a point r by a vortex centered at
a point r 0 and a(m)(r ) is the value of the vector-potential induced by the F-�lm upon the
S-�lm. This part of energysimilarly to what we did for one vortex can be reducedto the
renormalization of the single vortex energywith the �nal result already shown in equation
(68). The magneticself-interaction reads:

Umm = �
m
2

Z
B (m)

z (r )s(r )d2x (71)

Finally, the domain walls linear energy is Udw = � dwLdw where � dw is the linear tension of
the domain wall and L dw is the total length of the domain walls.

Erdin et al.[31] have compared energiesof stripe, square and triangular domain wall
lattices, and found that stripe structure has the lowest energy. Details of calculation can
be found in [31] (seecorrection in [33]. The equilibrium domain width and the equilibrium
energyfor the stripe structure are:

L s =
�
4

exp
� "dw

4~m2
� C + 1

�

(72)

Us = �
16fm2

�
exp

�

�
"dw

4fm2
+ C � 1

�

(73)

where ~m = m � � 0
v=� 0 and C=0.57721is the Euler constant.The vortex density for the stripe

domain caseis:
n(x) = �

4� ~� v

� 2
0L s

1
sin(� x=Ls)

(74)

Note a strong singularity of the vortex density near the domain walls. Our approximation is
invalid at distancesof the order of � , and the singularities must be smearedout in the band
of the width � around the domain wall.

3From this long-rangeinteraction of the Pearl vortices it is ready to derive that the energyof a systemof
vortices with the samecirculation, located with the permanent density nv on a �lm having the lateral size
L , is proportional to n2

v L 3
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The domains becomein�nitely wide at T = Ts and at T = Tv. If � dw � 4~m2, the
continuous approximation becomesinvalid (seesec. 3.2.3) and instead a discrete lattice of
vortices must be considered.It is possiblethat the long nucleation time can interfere with
the observation of described textures. We expect, however that the vorticesthat appear �rst
will reducethe barriers for domain walls and, subsequently, expedite domain nucleation.

Despite of theoretical simplicity the ideal bilayer is not easyto realize experimentally.
The most popular material with the perpendicular to �lm magnetization is a multila yerer
made from Co and Pt ultrathin �lms (seeSec.3.3.4).This material has very large coercive
�eld and rather chaotic morphology. Therefore, the domain walls in such a multila yer are
chaotic and almost unmovable at low temperatures(seeSec.3.3.4).We hope, however, that
theseexperimental di�culties will be overcomeand spontaneousvortex structures will be
discoveredbeforelong.

3.3.2 Superconducting transition temp erature of the FSB

The superconducting phasetransition in ferromagnet-superconductor bilayer was studied
by Pokrovsky and Wei [33]. They have demonstratedthat in the FSB the transition pro-
ceedsdiscontinuously as a result of competition between the stripe domain structure in a
FM layer at suppressedsuperconductivity and the combined vortex-domain structure in
the FSB. Spontaneousvortex-domain structures in the FSB tend to increasethe transition
temperature, whereasthe e�ect of the FM self-interaction decreasesit. The �nal shift of
transition temperature Tc depends on several parameterscharacterizing the SC and FM
�lms and varies typically between-0.03Tc and 0.03Tc .

As it was discussedearlier, the homogeneousstate of the FSB with the magnetization
perpendicular to the layer is unstablewith respect to formation of a stripe domain structure,
in which both, the direction of the magnetization in the FM �lm and the circulation of the
vortices in the SC �lm alternate together. The energyof the stripe structure per unit area
U and the stripe equilibrium width L s is given in equations73, 72. To �nd the transition
temperature, we combine the energygiven by equation 73 with the Ginzburg-Landau free
energy. The total free energyper unit areareads:

F = U + FGL =
� 16~m2

� e
exp(

� � dw

4~m2
+ C � 1) + nsds[� (T � Tc) +

�
2

ns] : (75)

Here � and � are the Ginzburg-Landau parameters. We omit the gradient term in the
Ginzburg-Landauequation sincethe gradients of the phaseare included in the energy(73),
whereasthe gradients of the superconductingelectronsdensity can be neglectedeverywhere
beyond the vortex cores. Minimizing the total free energy Pokrovsky and Wei [33] have
found that near Tc the FSB free energycan be represented as

Fs = �
� 2(T � Tr )2

2�
ds (76)
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whereTr is given by the equation:

Tr = Tc +
64� m2e2

� msc2
exp(

� � dw

4m2
+ C � 1) (77)

The SCphaseis stableif its freeenergyequation76 is lessthan the freeenergyof a single
FM �lm with the stripe domain structure, which has the following form [94, 95]:

Fm = �
4m2

L f
(78)

where L f is the stripe width of the single FM �lm. Near the SC transition point the
temperature dependenceof the variation of this magneticenergyis negligible. Hence,when
T increases,the SC �lm transforms into a normal state at sometemperature T �

c below T r .
This is the �rst-order phasetransition. At transition point both energiesFs and Fm are
equal to each other. The shift of the transition temperature is determined by a following
equation:

� Tc � T �
c � Tc =

64� m2e2

� msc2
exp(

� � dw

4m2
+ C � 1) �

vu
u
t 8� m2

� 2dsL f
(79)

Two terms in equation 79 play opposite roles. The �rst one is due to the appearanceof
spontaneousvortices which lowers the free energyof the systemand tends to increasethe
transition temperature. The secondterm is the contribution of the purely magneticenergy,
which tends to decreasethe transition temperature. The values of parameters entering
equation 79 can be estimated as follows. The dimensionlessGinzburg-Landau parameter
is � = 7:04Tc=�F , where � F is the Fermi energy. A typical value of � is about 10� 3 for
low-temperature superconductors. The secondGinzburg-Landau parameter is � = � Tc=ne,
where ne is the electron density. For estimates Pokrovsky and Wei [33] take Tc � 3K,
ne � 1023 cm3. The magnetization per unit area m is the product of the magnetization
per unit volume M and the thicknessof the FM �lm dm . For typical valuesof M � 102

Oe and dm � 10nm. m � 10� 4 Gs/cm2. In an ultrathin magnetic �lm the observed
valuesof L f vary in the range 1 to 100� m [96, 97]. If L f � 1� m, ds = dm = 10nm, and
exp(� ~� dw=4m2 + C � 1) � 10� 3, � Tc=Tc � � 0:03. For L f = 100� m, ds = 50nm, and and
exp(� ~� dw=4m2 + C � 1) � 10� 2, � Tc=Tc � 0:02.

3.3.3 Transp ort prop erties of the FSB

The spontaneousdomain structure violates initial rotational symmetry of the FSB. There-
fore, it makestransport properties of the FSB anisotropic. Kayali and Pokrovsky [34] have
calculated the periodic pinning force in the stripe vortex structure resulting from a highly
inhomogeneousdistribution of the vorticesand antivortices in the FSB. The transport prop-
erties of the FSB are associated with the driving force acting on the vortex lattice from an
external electriccurrent. In the FSB the pinning forceis dueto the interaction of the domain
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Figure 14: Schematic vortex distribution in the FSB. The sign � refers to the vorticit y of
the trapped 
ux.

walls with the vortices and antivortices and the vortex-vortex interaction Uvv Periodic pin-
ning forcesin the direction parallel to the stripesdo not appear in continuously distributed
vortices. In the work [34] the discretenesse�ects were incorporated. Therefore,oneneedto
modify the theory [31] to incorporate the discretenesse�ects.

Kayali and Pokrovsky [34]haveshowedthat, in the absenceof a driving force,the vortices
and antivortices lines themselvesup in straight chainsand that the forcebetweentwo chains
of vorticesfalls o� exponentially asa function of the distanceseparatingthe chains. They also
arguedthat pinning forcein the direction parallel to the domainsdrops faster in the vicinit y
of the superconductingtransition temperature Ts and vortex disappearancetemperature Tv.

In the presenceof a permanent current there are three kinds of forces acting onto a
vortex. They are i) The Magnus force proportional to the vector product of the current
density and the velocity of the vortex; ii) The viscousforcedirected oppositely to the vortex
velocity; iii) Periodic pinning forceacting on a vortex from other vortices and domain walls.
The pinning force have perpendicular and parallel to domain walls components. In the
continuouslimit the parallel component obviously vanishes.It meansthat it is exponentially
small if the distancesbetweenvortices are much lessthan the domain wall width. The sum
of all three forcesmust be zero. This equation determinesthe dynamicsof the vortices. It
was solved under a simplifying assumptionsthat vortices inside onedomain move with the
samevelocity. The critical current have beencalculated for for parallel and perpendicular
orientation. Theory predicts a strong anisotropy of the critical current. The ratio of the
parallel to perpendicular critical current is expectedto be in the range102 � 104 closeto the
superconductingtransition temperature Ts and to the vortex disappearancetemperature Tv.
The anisotropy decreasesrapidly when the temperature goesfrom the endsof this interval
reaching its minimum somewhereinside it. The anisotropy is associated with the fact that
the motion of vortices is very di�erent in this two cases.At perpendicular to the domains
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direction of the permanent current all the vortices are involved by the friction force into
a drift in the direction of the current, whereasthe Magnus force induces the motion of
vortices (antivortices) in neighboring domainsin opposite directions, both perpendicular to
the current. The motion of all vorticesperpendicular to the domainscapturesdomain walls,
which alsomove in the samedirection. This is a Goldstonemode, no perpendicular pinning
force appearsin this case.The periodic pinning in the parallel direction and together with
it the perpendicular critical current is exponentially small. In the caseof parallel current
the viscousforce involvesall vortices into the parallel motion along the domain walls and in
alternating motion perpendicularly to them. The domainwalls remainunmoving andprovide
very strong periodic pinning forcein the perpendicular direction. This anisotropic transport
behavior could serve as a diagnostic tool to discover spontaneoustopological structures in
magnetic-superconductingsystems.

3.3.4 Exp erimen tal studies of the FSB

In the precedingtheoretical discussionweassumedthat the magnetic�lm changesits magne-
tization direction in a weakexternal �eld andachievesthe equilibrium state. All experimental
works have beendone with the Co/Pt, Co/Pd multila yers, which have large coercive �eld
and are virtually "frozen" at the experiment temperature. Lange et al. [98, 99, 100] have
studied phasediagram and pinning properties of such magnetically "frozen" FSB. In these
works the averagemagnetization is characterizedby the parameter s, the fraction of spins
directed up. Magnetic domains in Co/Pd(Pt) multila yers look like meandering irregular
bandsat s = 0:5 (zero magnetization) (see�gure 15b) and as "bubble" domains(see�gure
15d) with typical size0.25� m-0.35� m near fully magnetizedstates (s = 0 or s = 1). The
stray �eld from domainsis maximal at s = 0:5 and decreasesthe superconductingtransition
temperature Tc of the Pb �lm by 0.2K (see�gure 16). The e�ective penetration depth is
about 0.76� m at 6.9K.

Close to s = 0 or s = 1 Lange et al. [98, 99, 100] have observed behavior in the
applied magnetic�eld which is similar to the array of magneticdots with normal to the �lm
magnetization (seeSec. 3.2.1). They have found asymmetry in the applied magnetic �eld
for Tc(H ) dependenceand for pinning properties. The bubble domainshave a perpendicular
magnetic moment. If the thicknessand magnetization is su�cien t, they can pin vortices
which appear in the applied external magnetic �eld. In this respect they are similar to
randomly distributed dots with normal magnetization. Thus, in the range of �lling factor
s � 0or1 the critical current must be large enough. Contrary to this situation at s � 0:5
the randomly bent band domainsdestroy a possibleorder of the vortex lattice and provide
percolation "routes" for the vortex motion. Thus the pinning is weaker and corresponds
either to smaller critical current or to a resistive state. This qualitativ e di�erence between
magnetizedand demagnetizedstate hasbeenobserved in the experiments by Langeet al([98,
99, 100]). The above qualitativ e picture of vortex pinning is close to that developed by
Lyuksyutov and Pokrovsky [26] and by Feldman et al [29] for the transport properties of
the regular array of magnetic dots with the random normal magnetization (seeSec.3.2.3).
In this model the demagnetizedstate of the dot array is associated with the vortex creep
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Figure 15: Magnetic properties of the Co/Pt multila yer: (a) Hysteresisloop measuredby
magneto-optical Kerr e�ect with H perpendicular to the sample surface. MFM images
(5 � 5 � m2) show that the domain structure of the sampleconsistsof band domainsafter
out-of-planedemagnetization(b), bubble domainsin the s = 0:3 (c) and s = 0:93 (d) states.
(From Langeet al. cond-mat/0310132).
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Figure 16: Dependenceof the critical temperature at zero �eld Tc(H=0) on the parameter
s. The minimum value of Tc is observed for s = 0:5. (From Langeet al. cond-mat/0310132)

through the percolating network. The strongly magnetizedstate, on the contrary, provides
more regular vortex structure and enhancespinning.

3.3.5 Thic k Films

Above we have discussedthe casewhen both magneticand superconducting�lms are thin,
namely, ds � � L and dm � L f . In this subsectionwe brie
y discuss,following works by
Sonin [48], situation when both �lms are thick ds � � L and dm � L f . Below we neglect
the domain wall width. Consider�rst the ferromagnetic�lm without superconductor. This
problem has beensolved exactly by Sonin [101]. Figure 17a shows schematically magnetic
�eld distribution around thick ferromagnetic�lm. The problem can be solved by calculating
�eld from \magnetic charges"on the magnetic �lm surface[48].

The magnetic �eld, without a superconducting substrate, at the ferromagnetic �lm
boundary y = 0+ is given by [48]:

Hx (x) = � 4M ln

�
�
�
�
�
tan

� x
2L f

�
�
�
�
�

: (80)

Hy(x) = � 2� M sign

 

tan
� x
2L f

!

at y ! � 0 : (81)

The �eld pattern is periodic with the period 2L f along the axis x. The magneticchargeon
the �lm boundary y = 0 is

� M = � M � (y)sign

 

tan
� x
2L f

!

: (82)
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Figure 17: Magnetic charges(+ and -) and magnetic
ux (thin lines with arrows) in a ferro-
magnetic �lm (FM) without (a) and with (b) a superconductingsubstrate (SC). The mag-
netization vectors in domainsare shown by thick arrows. (From Sonin cond-mat/0102102)

Sonin has argued [48] that in the caseof bulk superconductor and with additional re-
quirement � L =Lf ! 0, the magnetic 
ux from the magnetic �lm is practically expelled
from superconductorand problem can be solved by using imagesof magneticchargeson the
magnetic �lm surfaceas shown in �gure 17b. Sonin has calculated energy changedue to
presenceof the superconducting substrate and concludedthat the substrate increasesthe
total magnetic energyby 1.5 times. The energyof the domain walls per unit length along
the axis x is inverselyproportional to domain width L f s and the energyof the stray �elds
is proportional to L f s. The domain width L f s is determined by minimization of the total
energyper unit length. The growth of the magneticenergydecreasesthe domain width L f s

by
p

1:5 times. Relative correction to the energyfor �nite � L =Lf s is of the order of � L =Lf s

[48].

4 Pro ximit y E�ects in Layered Ferromagnet - Super-
conductor Systems

4.1 Oscillations of the order parameter

All oscillatory phenomenatheoretically predicted and partly observed in the S/F layered
systemsare basedon the Larkin-Ovchinnikov-Fulde-Ferrel (LOFF) e�ect �rst proposedfor
homogeneoussystemswith coexisting superconductivity and ferromagnetism[53, 54]. They
predicted that the energy favorable superconducting order parameter in the presenceof
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exchange�eld shouldoscillate in space.The physical picture of this oscillation is as follows.
In a singlet Cooper pair the electron with the spin projection parallel to the exchange�eld
acquiresthe energy� h, whereasthe electron with the antiparallel spin acquiresthe energy
+ h. Their Fermi momenta therefore split onto the value q = 2h=vF . The Cooper pair
acquiressuch a momentum and therefore its wave function is modulated. The direction of
this modulation vector in the bulk superconductor is arbitrary, but in the S/F bilayer the
preferential direction of the modulation is determinedby the normal to the interface(z-axis).
There exist two kinds of Cooper pairs di�ering with the direction of the momentum of the
electron whosespin is parallel to the exchange�eld. The interferenceof the wave functions
for thesetwo kinds of pairs leadsto the standing wave:

F (z) = F0 cosqz (83)

A modi�cation of this consideration for the casewhen the Cooper pair penetrates to a
ferromagnetfrom a superconductorwas proposedby Demler et al.[102]. They argued that
the energyof the singlet pair is bigger than the energyof 2 electronsin the bulk ferromagnet
by the value2h (the di�erence of exchangeenergybetweenspin up and spin down electrons).
It can be compensatedif the electronsslightly changetheir momentum so that the pair will
acquire the sametotal momentum q = 2h=vF . The value lm = vF =h called the magnetic
length is a natural length scalefor the LOFF oscillations in a clean ferromagnet. Anyway,
equation (83) shows that the sign of the order parameterchangesin the ferromagnet. This
oscillation leadsto a seriesof interesting phenomenathat will be listed hereand considered
in somedetails in next subsections.

1. Periodic transitions from 0- to � phasein the S/F/S Josephsonjunction when varying
thicknessdf of the ferromagneticlayer and temperature T.

2. Oscillations of the critical current vs. df and T.

3. Oscillations of the critical temperature vs. thicknessof magnetic layer.

The penetration of the magnetizedelectronsinto superconductorsstrongly suppressesthe
superconductivity. This obvious e�ect is accompaniedwith the appearanceof magnetization
in the superconductor. It penetrateson the depth of the coherencelength and is directed
opposite to magnetization of the F-layer. Another important e�ect which does not have
oscillatory character and will be consideredlater is the preferential antiparallel orientation
of the two F-layers in the S/F/S trila yer.

The described simplephysical picture can be alsotreated in terms of the Andreev re
ec-
tion at the boundaries[103],long known to form the in-gap bound states[93], [104]. Due to
the exchange�eld the phasesof Andreevre
ection in the S/F/S junction aredi�erent than in
junctions S/I/S or S/N/S (with non-magneticnormal metal N). Indeed,let considera point
P inside the F-layer at a distancez from one of the interfaces[105]. The pair of electrons
emitted from this point at the angle� � ; � (� � � ) to the z-axiswill be re
ected asa holealong
the samelines and returns to the samepoint (�gure 18). The interferenceof the Feynman
amplitudes for these4 tra jectories createsan oscillating wave function of the Cooper pair.
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Figure 18: Four typesof tra jectoriescontributing (in the senseof Feynman'spath integral)
to the anomalouswave function of correlated quasiparticles in the ferromagnetic region.
The solid lines correspond to electrons,the dashedlines | to holes;the arrows indicate the
direction of the velocity. (From Fominov et al. cond-mat/0202280)

The main contribution to the total wave function arisesfrom a small vicinit y of � = 0. Tak-
ing only this direction, we �nd for the phases:S1 = � S2 = � qz; S3 = � S4 = � q(2df � z).
Summingup all Feynman'samplitudes eiS k ; k = 1:::4, we �nd the spatial dependenceof the
order parameter:

F / cosqdf cosq(df � z) (84)

At the interface F / (cosqdf )2. It oscillatesas a function of magnetic layer thicknesswith
the period � df = � =q = 2� vF =h and decays due to the interferenceof tra jectories with
di�erent � .
In a real experimental setup the LOFF oscillations are strongly suppressedby the elastic
impurit y scattering. The tra jectories are di�usiv e random paths and simple geometrical
picture is not more valid. However, as long as the exchange �eld h exceedsor is of the
sameorder of magnitude as the scattering rate in the ferromagnet1=� f , the oscillations do
not disappear completely. Unfortunately, the experiments with strong magnetspossessing
large exchange �elds are not reliable since the period of oscillations goes to the atomic
scale.Two layerswith di�erent thicknesswhenthey are sothin canhave di�erent structural
and electronic properties. In this situation it is very di�cult to ascribe unambiguously the
oscillationsof properties to quantum interference.

4.2 Non-monotonic behavior of the transition temp erature.

This e�ect was �rst predicted by Radovic et al. [63]. Its reasonis the LOFF oscillations
described in subsection4.1. If the transparencyof the S/F interface is low, onecan expect
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that the order parameter in the superconductor is not strongly in
uenced by the ferro-
magnet. On the other hand, the condensatewave function at the interface in the F-layer
F / (cos2df =� m )2 becomeszero at df = � � m (n + 1=2)=2 (n is an integer). At this values
of thicknessthe discontinuity of the order parameterat the boundary and together with it
the current of Cooper pairs into the ferromagnethasa maximum. Thereforeonecan expect
that the transition temperature is minimal [106]. Experimental attempts to observe this
e�ect were made many times on the S/F multila yers Nb/Gd [107], Nb/F e [108], V/V-F e
[109], V/F e [110]. More referencesand details about theseexperiments and their theoretical
description can be found in the cited reviews[60, 61]. Unfortunately, in theseexperiments
the magneticcomponent wasa strong ferromagnetand, therefore,they facedall the di�cul-
ties mentioned in subsection3.3.1: the F-layer must be too thin and its variation produce
uncontrollable changesin the sample,the in
uence of the growth defectsis too strong. Be-
sides,in multila yers the reasonof the non-monotonousdependenceof Tc on df may be the
0 � � transition. Therefore, the reliable experiment should be performed with a bilayer
possessinga su�cien tly thick F-layer. Such experiments wereperformedrecently [111, 112].
The idea was to usea weak ferromagnet(the dilute ferromagneticalloy Cu-Ni) with rather
small exchange�eld h to increasethe magnetic length lm =

q
D f =h. They performed the

experiments with S/F bilayers to be surethat the non-monotonicbehavior is not originated
from the 0 � � -transition. In theseexperiments the transparencyof the interface was not
too small or too large, the exchange�eld was of the sameorder as the temperature and the
thicknessof the F-layer was of the sameorder of magnitude as magnetic length. Therefore,
for the quantitativ e descriptionof the experiment theory shouldnot be restricted by limiting
casesonly. Such a theory was developed by Fominov et al.[105]. In the pioneeringwork by
Radovic et al. [63] the exchange�eld was assumedto be very strong.

As always when it goesabout critical temperature, the energygap and anomalousGreen
function F are in�nitely small. Thereforeone needsto solve linearized equationsof super-
conductivity. The approach by Fominov et al. is basedon solution of the linearizedUsadel
equation and is valid in the di�usion limit � sTc � 1; � f Tc � 1; � f h � 1. Namely this sit-
uation was realized in the cited experiments [111, 112]. The work by Fominov et al. [105]
coversnumerousworks by their predecessors[66, 113,114, 102, 106] clarifying and improving
their methods. Therefore in the presentation of this subsectionwe follow presumably the
cited work [105] and brie
y describe speci�c results of other works.

The starting point is the linearized Usadel equations for singlet pairing for anomalous
Greenfunctions Fs in the superconductorand Ff in the ferromagnet:

Ds
@2Fs

@z2
� j! n jFs + � = 0;0 < z < ds: (85)

D f
@2Ff

@z2
� (j! n j + ihsgn! n)Ff = 0;� df < z < 0: (86)

Thus, we accepta simpli�ed model in which � = 0 in the ferromagneticlayer and h = 0 in
the superconductingone. The geometryis schematically shown in �gure 19.
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Figure 19: FS bilayer. The F and S layers occupy the regions� df < z < 0 and 0 < z < ds,
respectively.

Equations (86,85) must be complemented with the self-consistencyequation:

�( r ) ln
Tcs

T
= � T

X

n

 
�( r )
j! n j

� Fs(! n ; r )

!

; (87)

where Tcs is the bulk SC transition temperature, and with linearized boundary conditions
at the interface:

� s
dFs

dz
= � f

dFf

dz
(88)

A � f
dFf

dz
= Gb (Fs(0) � Ff (0)) ; (89)

where � s;f is the conductivity of the superconducting (ferromagnetic) layer in the normal
state; Gb is the conductanceof the interface and A is the areaof the interface. We assume
that the normal derivative of the anomalousGreenfunction is equal to zeroat the interface
with the vacuum:

dFf

dz
jz= � df =

dFs

dz
jz= ds = 0 (90)

The condition of solvabilit y of linear equations (85,86,87) with the boundary conditions
(88,89,90)determinesthe value of transition temperature Tc for the F/S bilayer.

The solution Ff (! n ; z) in the F-layer satisfying the boundary condition (90) reads:

Ff (! n ; z) = C(! n) cosh[kf n (z + df )]; kf n =

vu
u
t j! n j + ihsgn! n

D f
; (91)
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where C(! n ) is the integration constant to be determined from the matching condition at
the F/S interfacez = 0. From the two boundary conditions at z = 0 (88,89) it is possibleto
eliminate Ff and dFf =dz and reducethe problem to �nding the function Fs from equation
(85) and the e�ective boundary condition at z = 0:

� s
dFs

dz
=




 b + B f (! n)

Fs; (92)

where� s =
q

Ds=(2� Tcs; 
 = � f =� s; 
 b = (A � f )=(� sGb) and B f (! n ) = (kf n � s tanh(kf ndf )) � 1.
Sincekf n is complexthe parameterB f (! n ) and consequently the function Fs is complex. The
coe�cien ts of the Usadelequation (85) are real. Therefore, it is possibleto solve it for the
real part of the function Fs traditionally denotedasF +

s (! n ; z) � 1
2 (Fs(! n ; z) + Fs(� ! n ; z)).

The boundary condition for this function reads:

� s
dF +

s

dz
= W(! n )F +

s jz=0 ; W(! n ) =
Asn(
 b + <B f ) + 


Asn j
 b + B f j2 + 
 (
 b + <B f )
; (93)

where Asn = ksnds tanh(ksnds) and ksn =
q

D s
j ! n j . To derive this boundary condition we

accept the function �( z) to be real (it will be justi�ed later). Then the imaginary part of
the anomalousGreenfunction F �

s (! n ; z) obeysthe homogeneouslinear di�erential equation;

d2F �
s

dz2
= k2

snF �
s

and the boundarycondition dF �
s

dz = 0 at z = ds. Its solution is F �
s (! n ; z) = E(! n ) cosh[ksn(z�

ds)]. At the interfacez = 0 its derivative dF �
s

dz jz=0 is equal to � ksn tanh(ksnds)F �
s (! n ; z = 0).

Eliminating F �
s and its derivative from real and imaginary parts of the boundary condition

(92), we arrive at the boundary condition (93). Note that only F +
s participates in the self-

consistenceequation (87). This fact serves as justi�cation of our assumptionon reality of
the order parameter �( z).
Simple analytic solutions of the problem are available for di�erent limiting cases.Though
thesecasesare unrealistic at the current state of experimental art, they help to understand
the propertiesof the solutionsand how do they changewhenparametersvary. Let usconsider
the caseof very thin S-layer ds � � s. In this casethe order parameter� is almosta constant.
The solution of equation (85) in such a situation is F +

s (! n ; z) = � �
j ! n j + � n coshksn(z � ds),

where� n is an integration constant. From the boundary condition (93) we �nd:

� n = �
2� W(! n)

j! n j (Asn + W(! n))
; (94)

where the coe�cien ts Asn are the sameas in equation (93). We assumethat ksnds � 1.
Then Asn � k2

sn � sds = ds
� s

(n + 1=2). The function F +
s (! n ; z) almost doesnot depend on z.

The self-consistenceequation reads:

ln
Tcs

Tc
= 2

X

n� 0

W(! n)

(n + 1
2)

�
ds
� s

(n + 1
2) + W(! n )

� (95)
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Figure 20: Theoretical �t to the experimental data. (From Fominov et al. cond-
mat/0202280).

The summation can be performedexplicitly in terms of digamma-functions(F):

ln
Tcs

Tc
=


 � s

2(
 b + <B f )ds
<
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1 �
i (
 b + <B f )

=B f

! "

F

 
1
2

+

 � s

ds

 

1 �
i=B f


 b + <B f

! !

� F(
1
2

)

#)

:

(96)
Possibleoscillations are associated with the coe�cien ts B f . If the magnetic length � m =q

D f =h is much lessthan df , then B f �
q

h
4� Tcs

exp(� 2id f

� m
� i�

4 ). In the opposite limiting
case� m � df there are no oscillations of the transition temperature. Note that ln(Tcs=Tc)
can be rather large � � s=ds, i.e the transition temperature in the F/S bilayer with very thin
S-layer can be exponentially suppressed.This tendency is reducedif the resistanceof the
interface is large (
 b � 1).
In a morerealistic situation consideredin the work [105] neither of parametersds=�s; df =� m ; 
 ; 
 b

is very small or very large and an exact method of solution should be elaborated. The au-
thors proposeto separateexplicitly the oscillating part of the functions F +

s (! n ; z) and �( z)
and the reminders:

F +
s (! n ; z) = f n

cosq(z � ds)
cosqds

+
1X

m=1

f nm
coshqm (z � ds)

coshqm ds
(97)

�( z) = �
cosq(z � ds)

cosqds
+

1X

m=1

� m
coshqm (z � ds)

coshqmds
(98)

wherethe wave-vectors q and qm as well as the coe�cien ts of the expansionmust be found
from the boundary conditions and self-consistenceequation. Equation (93) results in rela-
tions betweencoe�cien ts of the expansion:

f n =
�

j! n j + Dsq2
; f nm =

� m

j! n j � Dsq2
m

: (99)
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Substituting the valuesof coe�cien ts f n ; f nm from equation (99) to the boundary condition
(93), we �nd an in�nite systemof homogeneouslinear equationsfor coe�cien ts � and � m :

�
qtan qds � W(! n)

j! n j + Dsq2
+

1X

m=1

� m
qm tanh qm ds � W(! n)

j! n j � Dsq2
m

(100)

Equating the determinant of this systemD to zero,we �nd a relation betweenq and qm . It
is worthwhile to mention a popular approximation adoptedby several theorists [66,102,106]
the so-calledsingle-mode approximation. In our terms it meansthat all coe�cien ts � m ; m =
1; 2::: are zero and only the coe�cien t � survives. The system(100) implies that it is only
possiblewhenthe coe�cien ts W(! n ) do not dependon their argument ! n . It happensindeed
in the limit ds=�s � 1 and h � T. For a more realistic regimethe equation D = 0 must be
solved numerically together with the self-consistencecondition, which turns into a systemof
equations:

ln
Tcs

Tc
= F

 
1
2

+
Dsq2

Tc

!

� F(
1
2

)

ln
Tcs

Tc
= F

 
1
2

�
Dsq2

m

Tc

!

� F(
1
2

) (101)

These systemswere truncated and solved with all data extracted from the experimental
setup used by Ryazanov et al. [112]. The only 2 �tting parameterswere h = 130K and

 b = 0:3.

Figure 20 demonstratesrather good agreement betweentheory and experiment. Various
typesof the curvesTc(df ) are shown in �gure 21. Note that the minimum on thesecurves
eventually turns into a plateau at Tc = 0, the reentrant phasetransition into the super-
conducting state. Someof the curves have a well-pronounceddiscontinuity, which can be
treated as the �rst order phasetransition. The possibility of the �rst order transition to
superconductingstate in the F/S bilayer was �rst indicated by Radovic et al. [63].

4.3 Josephson e�ect in S/F/S junctions

As we already mentioned the exchange �eld producesoscillations of the order parameter
inside the F-layer. This e�ect in turn can change the sign of the Josephsoncurrent in
the S/F/S junction comparedto the standard S/I/S or S/N/S junctions. As a result the
relative phaseof the S-layers in the ground state is equal to � (the so-called� -junction).
In the closedsuperconducting loop with such a junction spontaneous magnetic 
ux and
spontaneouscurrent appear in the ground state. Thesephenomenawere �rst predicted by
Bulaevsky et al. [55] for � -junction independently on the way of its realization. Buzdin et
al. [56] have �rst argued that such a situation can be realized in the S/F/S junction at a
proper choiceof its length. Ryazanov et al. [57,58] have realizedsuch a situation employing
the weak ferromagnetCuxNi1� x as a ferromagneticlayer. A similar approach was usedby
Kontos et al. [59], who useda diluted alloy PdNi. The weaknessof exchange�eld allowed
them to drive the oscillations and in particular the 0-� transition by the temperature at a
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Figure 21: Theoretical �t to the experimental data. (From Fominov et al. cond-
mat/0202280).

�xed magnetic �eld. The successof this experiment have generatedan extendedliterature.
The theoretical and experimental study of this and related phenomenastill are active. In
what follows we present a brief descriptionof relevant theoretical ideasand the experiments.

4.3.1 Simpli�ed approac h and exp erimen t

Here we present a simpli�ed picture of the S/F/S junction basedon the following assump-
tions:
i)The transparencyof the S/F interfacesis small. Thereforethe anomalousGreenfunction
in the F-layer is small and it is possibleto usethe linearizedUsadelequation.
ii) The energygap � inside each of the S- layers is constant and equal to � 0e� i'= 2 (the sign
� relatesto the left S-layer, + to the right one).
iii) � = 0 in the F-layer and h = 0 in the S-layers.
The geometryof the systemis shown in �gure (19). From the secondassumptionit follows
that the anomalousGreenfunction F is alsoconstant within each of S-layers: F = �p

j ! n j2+� 2
0

.

The linearizedUsadelequation in the F-layer (86) hasa following generalsolution:

F (! n ; z) = � nekf n z + � ne� kf n z; (102)

where

kf n =

vu
u
t j! n j + ihsgn! n

D f
(103)

(compare equation (91)). The boundary condition at the two interfacesfollows from the
secondboundary condition of the previoussection(89) in which Ff is neglected:

� f
dFf

dz
= � 
 bFs (104)
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The coe�cien ts � n and � n are completelydeterminedby the boundary conditions (104):

� n = Qn
cos( ' � ik f n df

2 )
sinh(kf ndf )

(105)

� n = Qn
cos( ' + ik f n df

2 )
sinh(kf ndf )

(106)

whereQn = � 0


 b� f kf n

p
j ! n j2+� 2

0

. Equation (34) for the electriccurrent must beslightly modi�ed

to incorporate the exchange�eld h:

j = ie� TN (0)D
X

n
( ~F @̂F � F @̂~F ); (107)

where ~F (! n ; z) = F � (� ! n ; z). Note that at this transformation the wave vectorskf n remain
invariant. After substitution of the solution (102) we �nd that j = j c sin' with the following
expressionfor the critical current [114, 115, 57]:

j c =
4� T� 2

0

eRN � b
<

2

4
X

! n > 0

�
(! 2

n + � 2
0)kf ndf sinh(kf ndf )

� � 1

3

5 ; (108)

whereRN is the normal resistanceof the ferromagneticlayer and � b is the dimensionlesspa-
rametercharacterizingthe ratio of the interfaceresistanceto that of the F-layer. Kupriy anov
and Lukichev [85] have found the relationship between� b and the the barrier transmission
coe�cien t Db(� ) (� is the anglebetweenthe electronvelocity and the normal to the interface):

� b =
2l f
3df

h
cos� Db(� )
1 � Db(� )

i : (109)

As we explained earlier, the oscillations appear sincekf n are complex values. If h � 2� T
! n , then kf n � (1 + i )

q
h

2D f
and oscillations are driven only by the thickness. It was very

important to use a weak ferromagnetwith exchange �eld h comparableto � T. Then the
temperature alsodrivesthe oscillations. In the Cu-Ni alloys usedin the experiment [57] the
Curie point Tm was between20 and 50K. Nevertheless,the ratio h=� T was in the rangeof
10 even for the lowest Tm . In this situation kf n doesnot depend on n for the large number
of terms in the sum (108). This is the reasonwhy the sum in total is periodic function of
df with the period � m = �

q
2D f =h. The dependenceon temperature is generally weak.

However, if the thicknessis closeto the value at which j c turns into zero at T = 0, the
variation of temperature can changethe sign of j c.

In �gure (22b) theoretical curvesj c(T) from cited work [105]are comparedwith the ex-
perimental data by Ryazanov et al. [57, 76]. The curves are plots of the modulus of j c vs
T. Therefore, the changeof sign of j c is seenas a cuspon such a curve. At temperature of
the cusp the transition from 0- to � -state of the junction proceeds. The changeof sign is
clearly seenon the curve corresponding to df = 27nm. The experimental S/F/S junction
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Figure 22: (Upper) Schematiccross-sectionof the sample. (Lower) Left : critical current Ic as
function of temperature for Cu0:48Ni0:52 junctions with di�er- ent F-layer thicknessesbetween
23 nm and 27 nm as indicated. Right : model calculationsof the tem- perature dependence
of the critical current in an SFSjunction. (From Ryazanov et al. cond-mat/0008364)
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is schematically shown in �gure (22a). The details of the experiment are described in orig-
inal paper [57] and in reviews[76, 60]. Not lessimpressive agreement between theory and
experiment is reached by Kontos et al. [59] (theory wasgiven by T. Kontos) (see�gure 23).

Very good agreement with the sameexperiment wasreached in a recent theoretical work
by Buzdin and Baladie [116] who solved the Eilenbergerequation.
Zyuzin et al. [117]have found that in a dirt y samplethe amplitude of the Josephsoncurrent
j c is a random value with an inde�nite sign. They estimatedthe averagesquare
uctuations
of this amplitude for the interval of the F-layer thickness� s < df <

q
D=T as:

hj 2
c i = A � 2

s

 
g

8� N (0)D f

! 4  
D f

2� 2Td2
f

! 2

(110)

whereA is the areaof interfaceand g is its conductanceper unit area. The 
uctuations are
signi�cant when df becomessmaller than the di�usiv e thermal length

q
D=T.

4.3.2 Josephson e�ect in a clean system

In a recent work by Radovic et al [118]consideredthe samee�ect in a cleanS/F/S trila yer. A
similar, but somewhatdi�erent in details approach wasdeveloped by Halterman and Olives
[119]. The motivation for this consideration is the simplicity of the model and very clear
representation of the solution. Though in the existing experimental systemsthe oscillations
are not disguisedby impurit y scattering, it is useful to have an idea what maximal e�ect
could be reached and what role plays the �nite transparencyof the interface. The authors
employed the simplest versionof theory, Bogolyubov-DeGennesequations:

Ĥ

 
u�

v��

!

= E

 
u�

v��

!

; (111)

where �� means� � and the e�ective Hamiltonian reads:

Ĥ =

 
H0(r ) � � h(r ) �( r )

� � (r ) � H0 + �� h(r )

!

; (112)

H0(r ) = �
�h2

2m
r 2 � � + W(r ) (113)

In the last equation � is the chemical potential and W(r ) is the barrier potential:

W(r ) = W[� (z + d=2) + � (z � d=2)]: (114)

The assumptionabout exchange�eld h(r ) and the order parameter �( r ) are the sameas
in the previous subsubsection.We additionally assumethat the left and right S-layers are
identical and semi-in�nite extending from z = �1 to z = � d=2 and from z = d=2 to
z = 1 . Due to translational invariance in the (x; y)-plane the dependenceof the solution
on the lateral coordinates is a plane wave:

 
u�

v�

!

= ei k k r 	( z) (115)
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There are 8 fundamental solutions of theseequationscorresponding to the injection of the
quasiparticle or quasiholefrom the left or from the right with spin up or down. We will
write explicitly oneof them 	 1(z), correspondingto the injection of the quasiparticlefrom the
right. In the superconductingareaz < � d=2 we will seethe incident quasiparticlewave with
the coe�cien t 1 and the normal wave vector k+ , the re
ected quasiparticlewith the re
ection
coe�cien t b+ and the normal wave vector � k+ ; the re
ected quasihole(Andreev re
ection)
with the re
ection coe�cien t a1 and the wave vector k� , where (k� )2 = 2m

�h2 (EF � � )2 � k2
k,

EF is the Fermi energyand � =
q

E 2 � j� j2. Thus the solution 	 1(z) at z < � d=2 reads:

	 1(z) = (eik + z + b1e� ik + z)

 
ue� i'= 2

vei'= 2

!

+ a1eik � z)

 
ve� i'= 2

uei'= 2

!

(116)

whereu andv arethe bulk Bogolyubov-Valatin coe�cien ts: u =
q

(1 + � =E)=2; v =
q

(1 � � =E)=2.
In the F-layer � d=2 < z < d=2 there appear transmitted and re
ected electron and trans-
mitted and re
ected hole. Sinceaccordingto our assumption� = 0 in the F-layer, there is
no mixing of the electronand hole. With this explanation we can write directly the solution
	 1(z) in the F-layer:

	 1(z) = (C1eiq+ z + C2eiq+ z)

 
1
0

!

+ (C3eiq �
� z + C4eiq �

� z)

 
0
1

!

; (117)

where q�
� =

q
2m
�h2 (E f

F + � h � E) � k2
k. Finally in the right S-layer z > d=2 only the trans-

mitted quasiparticleand quasiholepropagate:

	 1(z) = c1eik + z

 
uei'= 2

ve� i'= 2

!

+ d1e� ik � z

 
vei'= 2

ue� i'= 2

!

(118)

The value of all coe�cien ts can be establishedby matching of solutions at the interfaces:

	( �
d
2

� 0) = 	( �
d
2

+ 0);
d	
dz

j � d
2 +0 �

d	
dz

j � d
2 � 0 =

2mW
�h1 	 (119)

Other fundamental solutions can be found by symmetry relations:

a2(' ) = a1(� ' ); a3 = a2; a4 = a1; b3 = b1; b4 = b2; (120)

whereindex 2 relatesto the hole incident from the left, indices3,4 relate to the electronand
hole incident from the right. Each mode generatesthe current independently on others. The
critical current reads:

j c = i
e� T

�h

X

� ;! n ;k k

k+
n + k�

n

2� n

 
a1n

k+
n

�
a2n

k�
n

!

: (121)

Hereall the valueswith the index n meanfunctionsof energyE denotedby the samesymbols
in which E is substituted by i! n , for example � n = i

q
! 2

n + � 2. We will not demonstrate
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here straightforward, but somewhat cumbersomecalculations and transit to conclusions.
The critical current displays oscillations originated from two di�erent types of the bound
states. One of them appears if the barrier transmission coe�cien t is small. This is the
geometricalresonance.The superconductivity is irrelevant for it. Another oneappearseven
in the caseof ideal transmission: this is the resonancedue to the Andreev re
ection. When
the transmissioncoe�cien t is not small and not closeto 1, it is not easyto separatethesetwo
typeof resonancesand the oscillationspicture becomesrather chaotic. The LOFF oscillations
are better seenwhen transmissioncoe�cien t is closeto 1 sincegeometrical resonancesdo
not interfere. Varying the thickness,one observes periodic transitions from 0 to � -state
with the period equal to � f =2 = 2� vF =h. The lowest value of d at which 0 � � -transition
takesplace is approximately � f =4. The temperature changesthis picture only slightly, but
near the thicknesscorresponding the 0 � � -transition the non-monotonicbehavior of j c vs.
temperature including temperature driven 0 � � -transition can be found.
An intermediatecasebetweenthe di�usion and cleanlimits wasconsideredby Bergeretet al.
[120]. They assumedthat the F-layer is socleanthat h� f � 1, whereasTc� s � 1. Therefore
Usadelequation is not valid for the F-layer and they solved the Eilenbergerequation. They
have found that the superconductingcondensateoscillatesas function of the thicknesswith
period � f and penetratesinto the F-layer over the depth equal to the electron mean free
path l f . The period of oscillationsof the critical current is � f =2. No qualitativ e di�erences
with consideredcasesappear unlessthe magnetization is inhomogeneous.Even very small
inhomogeneity can completely suppressthe 0 � � -transitions. This is a consequenceof the
generationof the triplet pairing, which will be consideredlater.

4.3.3 Half-in teger Shapiro steps at the 0 � � transition

Recently Sellieret al. [121]have reported the observation of the Shapirostepsat the voltage
equal to half-integer of the standard values Vn = n�h! =2e, where ! is the frequency of
the applied ac current. Let us remind that the standard (integer) Shapiro steps appear
as a consequenceof the resonancebetween the external ac �eld and the time-dependent
JosephsonenergyEJ = � �hj c

edf
cos' (t) wherethe phaseis proportional to time due to external

permanent voltage through the contact: ' (t) = 2eVt=�h. Just in the 0 � � transition point
j c turns into zero. Then the next term in the Fourier-expansionof the Josephsonenergy
proportional to cos(2' ) dominates. That meansthat the Josephsoncurrent is proportional
to sin(2' ). Such a term leadsto the Shapirostepsnot only at integer,but alsoat half-integer
valuessincethe resonancenow happensat (4eV=�h) = ! . Normally the term with sin(2' ) is
so small that it was always assumedto vanish completely. The resonancehf method used
by the authors had su�cien t sensitivity to discover this term.
The authors preparedthe Nb=Cu52Ni48=Nb junction by the photolitography method. Curie
temperature of the F-layer is 20K. The 2 samplesthey used had the thicknesses17 and
19 nm. The 0 � � transition was driven by temperature. The transition temperature in
the �rst and secondsamplewere 1.12and 5.36K, respectively. The external ac current had
the frequency ! = 800 kHz and amplitude about 18 � A. The voltage current curves for
df = 17nm and temperatures closeto 1.12 K are shown in �gure (24). The fact that the
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Figure 24: Shapiro steps in the voltage-current curve of a 17 nm thick junction with an
excitation at 800 kHz (amplitude about 18 � A). Half-integer steps (n=1/2 and n=3/2)
appear at the 0{ � crossover temperature T � . Curvesat 1.10 and 1.07 K are shifted by 10
and 20 � A for clarity. (From Sellier et al. cond-mat/0406236).

half-integer stepsdisappear at very small deviation from the transition temperature proves
convincingly that it is associated with the 0 � � transition.

4.3.4 Spontaneous curren t and 
ux in a closed loop

Bulaevsky et al. [55] argued that a closed loop containing the � -junction may carry a
spontaneouscurrent and 
ux in the ground state. Below we reproducetheir arguments. The
energyof the closedsuperconductingloop dependson the total 
ux � through the loop:

E(�) = �
�h
2e

Jc cos' +
� 2

0'
2

8� 2Lc2
; (122)

where ' = 2� �
� 0

, Jc is the critical current and L is the inductance of the loop. The �rst
term in equation (122) is the Josephsonenergy, the secondis the energyof magnetic �eld.
The location of the energy minimum depends on the the parameter k = � 0

4� LJ cc. If k is
positive, there is only one minimum at ' = 0. If k < � 1, the only minimum is located
again at ' = 0. If � 1 < k < 0, the minimum is located at the nonzeroroot of equation
sin'=' = jkj; the value ' = 0 correspondsto a maximum of energy. Thus, the spontaneous

ux appearsat su�cien tly large inductanceof the loop. It is possibleto avoid this limitation
measuringthe dependenceof the current inside the loop on the external 
ux through it [58].

They usedtriangular bridge array with � -junctions in each shoulder(seeFigs. 25). Due
to the central � -junction the phasesof the current in two sub-loops of the bridge di�er by
� . Therefore the critical current betweenthe two contacts of the bridge is equal to zero in
the absenceof magnetic �eld. If the 
ux inside the loop reaches half of 
ux quantum, it
compensatesthe indicated phasedi�erence and the currents from both sub-loopsare in the
samephase.Thus, the shift of the current maximum from � = 0 to � = � 0=2 is the direct
evidenceof the 0 � � transition. Such experimental evidencewas �rst obtained in the same
work [57].
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Figure 25: Real (upper) and schematic (low) picture of the network of �v e SFS junctions
N b� Cu0:46N i0:54 � N b (dF = 19 nm), which was used in the phase-sensitive experiment.
(From From Ryazanov et al. cond-mat/0103240).
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Figure 26: Magnetic �eld dependencesof the critical transport current for the structure
depicted in �gure 25 at temperature above (a) and below (b) Tcr . (From From Ryazanov et
al. cond-mat/0103240).

The graphs of the current vs magnetic �eld for two di�erent temperatures (�gure 26)
clearly demonstratesthe shift of the current maximum from zeroto non-zeromagnetic�eld.
The next graph �gure 27 shows the shift of the 
ux through the loop 0 to 1/2 of the 
ux
quantum at the temperature driven 0 � � transition.

4.4 F/S/F junctions

The trila yersF/N/F (N is normal non-magneticmetal) have attracted much attention start-
ing from the discovery by Gr•unberg [122] of the Giant Magnetoresistance(GMR). The di-
rection of magnetization of ferromagneticlayers in thesesystemsmay be either parallel or
antiparallel in the ground state oscillating with the thicknessof the normal layer on the scale
of few nanometers.The mutual orientation can be changedfrom antiparallel to parallel by
a rather weak magnetic �eld. Simultaneously the resistancechangesby the relative value
reaching 50%. This phenomenonhasalreadyobtaineda technologicalapplication in the mag-
netic transistors and valvesusedin computers[123]. A natural question is what happensif
the central layer is superconducting: will it producethe spin-valve e�ect (a preferential mu-
tual orientation of F-layers magnetization) and how doesit depend on thicknessesof S and
F-layers? This questionwasconsideredtheoretically by several authors [64, 65, 66, 86, 124].
Recently the spin-valve e�ect was experimentally observed by Tagirov et al. [125].
Even without calculationsit is clearthat, independently on the thicknessesof Sand F layers,
the antiparallel orientation of magnetizationsin F-layers has always lower energythan the
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Figure 27: (a) Temperature dependenceof the critical transport current for the structure
depicted in �gure 25 in the absenceof magnetic �eld; (b) temperature dependence(jump)
of the position of the maximal peakon the curvesI m (H ), corresponding to the two limiting
temperaturesdepicted in �gure 26. (From From Ryazanov et al. cond-mat/0103240).
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parallel one. It happens becausethe exchange �eld always suppressessuperconductivity.
When the �elds from di�erent layers are parallel, they enhancethis e�ect and increasethe
energy, and vice versa. The e�ect strongly dependson the interfacestransparency. If it is
very small, the e�ect is weak. In the caseof almost ideally transparent interfacesthe ma-
jorit y electronswith the preferential spin orientation can not penetrate from the F-layer to
the S-layer deeper than to the coherencelength � s. Therefore, it is reasonableto work with
the S-layer whosethicknessdoesnot exceed� s. The choiceof the material and thicknessof
F-layers is dictated by the requirement that they could be reoriented by su�cien tly weak
magnetic �eld. Thus, the coercive force must be small enough. We refer the reader to the
original works for quantitativ e details.
An alternative approach is to study the thermodynamicsof the F/S/F trila yer at a �xed mu-
tual orientation of magneticmoments. Such a study was performedby Baladie and Buzdin
[124] for the caseof very thin superconducting layer ds � � s. They consideredFs almost
as a constant, but incorporated small linear and quadratic deviations and solved the lin-
earizedUsadelequation as it was shown in subsection4.2 to �nd the critical temperature
vs. thicknessof the ferromagnetic layers. They have found that at large 
 b (low interface
transparency) the transition temperature monotonically decreaseswith df increasingfrom
its value in the absenceof the F-layers to somesaturation value and there is no substantial
di�erence betweenparallel and antiparallel orientations. At smallervaluesof 
 b the suppres-
sion of Tc increasesand at parallel orientation the reentrant transition occurs at df � � f ,
but still the transition temperature saturatesat large df . At 
 b smaller than a critical value
the transition temperature becomeszero at a �nite thicknessdf for both parallel and an-
tiparallel orientation. The authors also have found someevidencesthat at low 
 b the SC
transition becomesdiscontinuousfor the parallel orientation. This conclusionwascon�rmed
by a recent theoretical study by Tollis [126],who has proved that the SC transition for the
antiparallel orientation is always of the secondorder, whereasfor the parallel orientation it
becomesof the �rst order for small [126]. Baladie and Buzdin [124] have consideredalso
the energygap at low temperature. For the caseof thick ferromagneticlayers df � � f they
have found that the energygap is the monotonically decreasingfunction of the dimensionless
collision frequency(� f � 0)� 1, where � 0 is the value of the energygap in the absenceof the
ferromagneticlayers. It turns into zeroat (� f � 0)� 1 = 0:25 for the parallel and 0.175for the
antiparallel orientation.

4.5 Triplet pairing

If the direction of the magnetization in F-layer is inhomogeneousdue to a domain wall
or arti�cially , the singlet Cooper pairs penetrating into the F- from S-layer will be partly
transformed into the triplet pairs. This e�ect was �rst predicted by Kadigrobov et al. [67]
and by Bergeretet al. [68]. The triplet pairs cannot penetrate to the superconductorsover
the length larger than magneticlength lm =

q
D f =h (or vF =h for the cleanferromagnet),but

in the ferromagnetthey areneither exchangeinteraction nor the elasticscatteringsuppresses
them. Therefore, they can penetrate over much longer distance � T =

q
D f =T. Even if the
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triplet pairing is weak, it provides the long-rangecoupling between two superconducting
layers in a S/F/S junction. Moreover, if the thicknessdf exceedslm signi�cantly, only
triplet pairs survive at distancesmuch larger than lm completely changing the symmetry
properties of the superconductingcondensate.
The exchange�eld rotating in the y � z-plane is naturally described by the operator in the
spin spaceĥ = h(�̂ 3 cos� + �̂ 2 sin� ), where h is a scalar function of coordinates, �̂ 2 and
�̂ 3 are the Pauli matrices and the angle � is a function of coordinates. It is clear that the
non-diagonalpart of h 
ips oneof spinsof the pair transforming the singlet into the triplet.
It doesnot appear if the magnetization is collinear (� = 0). To make things more explicit,
let considerthe Usadelequation in the F-layer, i.e. equation (38) of the Section(2). First
we simplify them by linearization, which is valid if either the transparencyof the interface
barrier is small [83]. Then the condensateGreentensor �f in F-layer is small. The linearized
Usadelequation reads:

D f

2
@2 �f
@z2

� j! j �f + ih
h
�̂ 0f �̂ 3; �f cos� + �̂ 3[�̂ 2; �f ] sin� g

i
= 0; (123)

where f A; Bg meansthe anticommutator of operators A and B. If � = const, equations
(123) have an exponential solution �f = ekz �f 0. The secularequation for k is:

(k2 � k2
! )2

"

(k2 � k2
! )2 +

2h
D f

#

= 0; (124)

where k2
! = 2j! j=Df . Note that the secularequation doesnot depend on � . It is a conse-

quenceof rotational invarianceof the exchangeinteraction. At � = 0 the two-fold eigenvalue
k2 = k2

! correspondsto f 1;2 (triplet pairing with projection � 1 onto the magnetic�eld). Since
! n is proportional to T, thesemodesare long-range. Two other modeshave wave vectors
k = kh and k = k�

h, wherek2
h = 2(j! j + ihsign! )=Df . They penetratenot deeper than on the

magnetic length. Theseshort-rangemodesare linear combinations of the singlet and triplet
with spin projection zero, i.e. orthogonal to the magnetic �eld.
Bergeretet al. consideredtwo di�erent geometries.In the �rst one[68] they consideredS/F
bilayer. The angle� wasa linear function of coordinate starting from 0 at the S/F interface,
reaching a value� w at the distancew from the interfaceand remainingconstant at larger dis-
tances. They have solved the linearizedUsadelequation (123) with the boundary condition
� f

dFf

dz = 
 bFs proper at small transparencyof the interface by a clever unitary transforma-
tion �f ! Û(z) �f [Û(z)]� 1 with Û(z) = exp(iQ �̂ 1z=2) and Q = d�

dz = � w
w . This transformation

turns the rotating magnetic�eld into the constant one,directed alongz-axis, but di�erential
term generatesperturbations proportional to Q and Q2. By this trick the initial equations
with the coordinate dependent �h(z) is transformed into an ordinary di�erential equation
with constant (operator) coe�cien ts. The generationof the triplet component is weak if 
 b

is large and it acquiresan additional small factor if the ratio � f =w is small (w mimics the
domain wall width), but, as we have demonstrated,this component hasa large penetration
depth. Experimentally it could produce a strong enhancement of the F-layer conductivity.
Such an enhancement was observed in the experiment by Petrashov et al.[127] in 1999,two
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Figure 28: 6-layer structure.

years afore the theoretical works. They studied an F/S bilayer made from 40nm thick Ni
and 55nm thick Al �lms. The interfacewasabout 100x100nm2. The sampleswereprepared
by e-beam lithography. They measuredthe resistivity and the barrier resistancedirectly.
They have found also the di�usion coe�cien ts D s = 100cm2=s and D f = 10cm2=s, which
we cite here to give an idea about the order of magnitudes. They have found a large drop
of the resistanceof the sample,which could not be explainedby the existing singlet pairing
mechanism. We are not aware about the detailed comparisonof the theory [68] and the
experiment [127]. One more evidenceof long range penetration of the superconductingor-
der parameter through the ferromagnet was reported in [128]. The authors measuredthe
resistanceof 0.5�m Ni loop connectedwith superconducting Al wire. They extracted the
decay length for proximit y e�ect in ferromagnetfrom di�erential resistanceand concluded
that it is much larger than it could be expectedfor singlet pairing.

In their secondwork on the triplet pairing [83] the authors have proposedan interesting
6-layer structure presented in �gure 28. The assumethat the magnetization in each layer is
constant, but its direction is di�erent in di�erent layers. It is supposedto lay in the y � z-
plane and thus it can characterizedby oneangle. Let this angle is � � in the layer F1, 0 in
the layer F2 and � � in the layer F3. They speakabout the positive chiralit y if the sign is +
and negative chiralit y if the sign is � . They prove that, if the thicknessof F-layers is larger
than lm , the superconductinglayersSA and SB are connectedby 0-junction if the chiralit y is
positive and by � -junction if the chiralit y is negative. This phenomenonis completelydue to
the triplet pairing sinceit dominateson this distance. Kulic and Kulic [129]consideredtwo
bulk magneticsuperconductorswith rotating magnetizationseparatedby an insulating layer.
They also have found that the sign of the Josephsoncurrent can be negative depending on
the relative chiralit y. In this systemsinglet and triplet pairs coexist in the bulk, whereasin
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the systemproposedby Bergeretet al. the triplet dominates. Wewill give a brief description
how did they derive their results. They solved the Usadelequation in each layer separately
(it can be done without linearization, sincethe coe�cien ts of the di�erential equationsare
constant) and match thesesolutions using the Kupriy anov-Lukichev boundary conditions.
The current density in the F2 layer can be calculatedusing the modi�ed Eilenberger-Usadel
expression:

j = � f Tr

 

�̂ 3 ^� 0� T
X

! n

�f
d �f
dz

!

(125)

The maximal e�ect is reached when magnetic moment of the central layer is perpendicular
to two others.

5 Conclusions

This short review shows that though the studies of Ferromagnet-Superconductor Hybrids
arecomingof age,we areat the beginningof interesting voyageinto this emerging�eld. The
most active development undoubtedly take placein the �eld of proximit y basedphenomena
in layered ferromagnet-superconductor systems. The strong point of this thrust is fruitful
collaboration between experiment and theory. This progresswas achieved due to a new
idea due to Ryazanov and coworkers to usethe weak ferromagnetsin th experiment. This
idea allowed to increasethe thicknessof ferromagnetic layers to a macrosopicscale and
simultaneously allowing to drive the non-monotonousbehavior of the Josephsoncurrent by
temperature. On this way experimenters have reliably found several interesting phenomena
predicted many yearsago,as0� � -transition and oscillationsof critical temperature vs. the
thicknessof the F-layer and alsosomenew phenomenaasthe valve e�ect in F/S/F junction
and the Shapirostepsat half- integer frequencies.

The experimental studiesof ordering/transport in FSH have greatly bene�ted with intro-
duction of imagingtechnique(SHPM,MFM) in the �eld. Weexpect that several experimental
groupswill get accessto this technique in the near future which will result in more exciting
experiments. The theoretical and experimental studies of ordering/transport in FSH have
surprisingly little overlap, especially in comparisonwith studiesof proximit y basedphenom-
ena. The materials usedin the experiment are far from being regular, whereasthe theorist
so far preferredsimpleproblemswith regular, homogeneousor periodical systems.Even the
simplestideaabout topologicalinstabilit y in the S/F-bilayer wasnot checkedexperimentally.
It would be very instructive to �nd experimentally the phasediagram of a singlemagnetic
dot using the SQUID magnetometeror the MFM. Finally the transport properties of the
S/F- bilayer and the S-�lms suppliedwith regular or randomly magnetizedarrays of F-dots
should be measured.On the other hand the experiment dictates new problemsfor theory:
a description of random set of strongly pinned domain walls, their magnetic �eld and its
e�ect on the S-�lms. We think that both experimental and theoretical communities can �nd
systemsof common interests. Another possibility for interesting development in the FSH
�eld we expect with introduction of new typesof FSH, e.g. arrays of magneticnanowires in
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alumina templates, covered with superconducting �lm. Such arrays provides alternative to
magneticdots sourceof alternating magnetic�eld of high strength and short scalevariation.
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